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Summary
This dissertation aims at developing a theoretical framework for the signal and noise in
helioseismic holography which is mathematically rigorous and physically meaningful.
A main focus of this dissertation is modeling the Porter-Bojarski (PB) integral, a well-
established method used in the field of acoustics to locate subsurface sources and scatter-
ers. We test and validate the potential application of the PB integral to probe the Sun’s
internal structure and dynamics.
In the first study, we compare the PB integral with the ‘egression’, the current imag-
ing technique used in helioseismic holography, in a homogeneous medium. This proof
of concept shows that the two imaging methods can locate subsurface sources of acous-
tic waves, which have a similar spatial resolution. However, the egression suffers from
artificial signals located away from the source, whereas the PB integral does not. This
suggests that the PB integral can potentially improve the current imaging capability of
helioseismic holography.
The next study implements the PB integral for a realistic solar model, and a theo-
retical framework is developed to investigate its signal and noise. Solar oscillations are
formulated into the solution of a scalar Helmholtz equation with the background sound-
speed and density taken from a standard solar model, and are excited by a stationary and
spatially uncorrelated random source function. We then apply the first-order Born ap-
proximation to relate scatterers such as sound-speed heterogeneities, density, and flows
to PB integrals. The example computations show that PB holographic measurements are
diffraction limited, i.e., the spatial resolution is half the local wavelength. We also inves-
tigate noise due to the random nature of wave excitation. We find large variations in both
signal and noise at low frequencies due to contributions from individual long-lived modes
of solar oscillations, and low signal-to-noise ratios for measurements above the frequency
cut-off.
With the theoretical framework in hand, we then investigate the optimal flow-measuring
strategy for helioseismic holography. Two different approaches are investigated and com-
pared, the traditional method that measures directional phase shifts using pupils in a quad-
rant geometry (method #1); a new method that correlates the estimated wave field at two
nearby locations in the solar interior using all observed waves (method #2). We find that
method #2 is consistently superior to the traditional method. Specifically, it reaches the
diffraction limit of acoustic waves (half the local wavelength) and has a much higher
signal-to-noise ratio than the traditional method. Furthermore, it is much less susceptible
to the leakage from the solar surface. Therefore, we conclude that method #2 will improve
the imaging of solar subsurface flows using heliosemic holography, and hence should be
used in future applications.
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1 Introduction
The solar convection zone is highly dynamic. Flows of various lifetimes and spatial scales
interact with each other, which produce and maintain a magnetic field. The magnetic
fields generated therein emerge to the surface due to magnetic buoyancy, and cause a wide
variety of atmospheric eruptive phenomena (e.g., jets, flares, coronal mass ejections).
Though we have numerous observations of the consequence of the Sun’s dynamic interior,
and a basic understanding of the causes, we have yet to comprehend and predict the
evolution of these systems.
To-date, the only technique that allows a direct probe of the Sun’s internal flows is he-
lioseismology. Helioseismology aims to decipher the Sun’s three-dimensional structure
information which is encoded in the acoustic and surface-gravity waves observed at the
surface. Despite two decades of continuous helioseismic observations from space-borne
telescopes as well as ground-based global networks, however, a consistent and accepted
picture of the structure and evolution of large-scale flows remains elusive in the Sun’s
interior. This is because we still lack adequate tools for a proper interpretation of helio-
seismic measurements. Therefore, a major task of helioseismology nowadays is to im-
prove the tools used for data interpretation, in particular an accurate understanding of the
wave propagation in the Sun. Additionally, efforts should be made to explore alternative
flow-measuring strategies that are less susceptible to noise.
This dissertation intends to better understand the theoretical framework of one particu-
lar helioseismic technique known as helioseismic holography, particularly the relationship
between signal and noise. In the following chapter, I will briefly introduce solar oscilla-
tions and provide a general review of various helioseismic techniques. I will then focus
on the current achievements and limitations of helioseismic holography.
1.1 Solar oscillations
In this section, I will give a very brief introduction on solar oscillations. Various books
are available for more details (see, e.g., Unno et al. 1989, Stix 2002, Aerts et al. 2010).
The Sun’s turbulent convection excites solar oscillations in its near-surface layers
(e.g., Goldreich and Keeley 1977, Stein and Nordlund 2001), which leads to ubiquitous
intensity and velocity variations observed at the surface with periods near five minutes as
first discovered by Leighton et al. (1962). This complex wave field can be characterized
by three categories of modes based on their physical properties:
1. Pressure modes (p modes) are acoustic waves with the pressure as the restoring
force. The majority of p modes propagate in cavities defined by a lower and upper turning
points. At the lower turning point, waves are refracted due to the increasing sound speed
9
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Figure 1.1: m-averaged power spectrum of solar p modes observed in line-of-sight ve-
locity from HMI/SDO (courtesy of Zhichao Liang). The black/white indicates low/high
wave power.
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towards the solar center. At the upper turning point, waves below 5.3 mHz are reflected
near the surface due to the sharp drop of density.
2. Surface gravity modes (f modes) behave very much like deep water waves; the
restoring force is buoyancy. The observed f modes are mostly sensitive to the near-surface
layer, and hence a good diagnostic of the structure therein.
3. Internal gravity modes (g modes) are confined in convectively-stable layers, i.e.,
the radiative zone; the restoring force is also buoyancy. g-modes are sensitive to the deep
interior of Sun, where the structure is least constrained by p modes. The solar g modes,
however, are evanescent in the entire convection zone, and as a result have very small
amplitude at the surface (with an estimated upper limit of 10 mm/s for a single mode,
see Appourchaux et al. 2000). As a consequence, g modes are very difficult to detect,
and, until today, the detection of g modes is still ambiguous (see, e.g., Fossat et al. 2017,
Schunker et al. 2018).
The above modes are also known as the spheroidal modes, which have zero vorticity
in the radial direction of the Sun (Aizenman and Smeyers 1977). The complementary
of the spheroidal modes is the toroidal modes, which are horizontal motions with non-
zero radial vorticities (see, e.g., Aizenman and Smeyers 1977, Unno et al. 1989). For a
non-magnetic non-rotating star, the toroidal modes correspond to steady horizontal eddy
motions, however, they become oscillatory (r modes) once the star starts to rotate. r modes
are predicted to have frequencies in the order of the rotation frequency; the restoring force
is the Coriolis force. In the Sun, r modes have long been just a theoretical conjecture.
This situation, however, has changed with recent unambiguous detection of r modes on
the Sun’s surface and interior (see, e.g., Löptien et al. 2018, Liang et al. 2018a, Hanasoge
and Mandal 2019). The detection of r modes provides an additional way to probe the Sun,
where we may learn more about the Sun’s internal structure and dynamics.
1.2 Helioseismology
Helioseismology is the field of research that exploits the Sun’s structural information con-
tained in solar oscillations. This is achieved through minimizing the difference between
observational properties of solar oscillations and their corresponding theoretical predic-
tions. As such, an accurate understanding of wave propagation in the Sun, hereafter
forward modeling, is required for interpretation of helioseismic measurements.
Based on the target spatial scales of the Sun’s structure, helioseismic techniques are
divided into two categories, global and local. In the following, I will briefly review these
two categories of techniques.
1.2.1 Global helioseismology
Global helioseismology is based on the normal mode theory of solar oscillations, and
is sensitive to the global structure of the Sun. For a spherically symmetric Sun, solar
oscillations can be simplified as the solution of a linear wave equation, thereby forming
an eigenvalue problem. Specifically, the displacement vector ξ of an oscillation mode
satisfies
Lξnlm = ω2nlmξnlm, (1.1)
11
1 Introduction
where L is a linear operator that describes the wave propagation and ωnlm denotes the
eigenfrequency of a particular mode. Here, n, l, and m are quantum numbers with n
describing the number of radial nodal points of the mode eigenfunction, and l and m as the
number of nodal lines in the horizontal (both longitudinal and latitudinal) and longitudinal
directions.
The eigenfrequencies of solar oscillations obey a variational principle; they are sta-
tionary with respect to small perturbations of the eigenfunction (Chandrasekhar 1964),
and therefore can be modeled more accurately than the eigenfunction. Through mini-
mizing the difference between the modeled and observed eigenfrequencies, helioseismol-
ogy validated the Sun’s mean structure predicted by standard solar models (Christensen-
Dalsgaard et al. 1996), which gave impetus to the finding of new physics that solved the
solar neutrino problem (Bahcall 2004).
The eigenfrequency of any given mode is m-degenerate for a spherically-symmetric
Sun; all m share the same frequency at given n and l. Rotation will lift this degeneracy
by causing a frequency shift dependant on m, and hence global mode frequencies provide
a good diagnostic of the Sun’s rotation profile. By using the variation of frequency with
m, global helioseismology measured the Sun’s rotation profile along the latitudinal direc-
tion at different depths, which shows a differentially rotating convection zone of roughly
the same rotation rate at all depths and a uniformly rotating radiation zone (see, e.g.,
Schou et al. 1998, Larson and Schou 2018). Particularly, a rather counter-intuitive result
revealed a faster rotating surface at the equator than at the bottom of convection zone,
which implies non-trivial momentum transport processes in the solar convection zone.
Though a huge success has been achieved to measure the Sun’s mean structure and
rotation profile, the eigenfrequencies of solar oscillations possess very little sensitivity to
meridional circulation and non-axisymmetric convective flows. In order to probe such
flows, attempts have been made to use the cross-spectrum of different mode eigenfunc-
tions (see, e.g., Woodard et al. 2013, Woodard 2016, Hanasoge 2018). These measure-
ments, however, suffer from systematic errors that are most likely due to our inadequate
understanding on the phase variation of mode eigenfunctions in the near-surface layer
(Woodard et al. 2013). More modeling effort is required to resolve this issue. In order to
probe these features, local helioseismology is used.
1.2.2 Local helioseismology
Local helioseismology refers to the various helioseismic techniques that are sensitive to
the Sun’s local three-dimensional structure, which all attempt an interpretation of the full
wavefield of solar oscillations (see, e.g., Gizon and Birch 2005, Gizon et al. 2010). These
include Fourier-Hankel decomposition, ring-diagram analysis, time-distance helioseis-
mology, and helioseismic holography. In the following, I will briefly introduce all these
techniques except for helioseismic holography, which is the main topic of this dissertation
and will be discussed extensively in Section 1.3.
The Fourier-Hankel method decomposes p-mode waves from a surface annulus into an
incoming and an outgoing part using Hankel functions (Braun et al. 1987). An application
of the technique to p-mode waves around sunspots shows that sunspots strongly absorb
the incoming waves (Braun et al. 1987) and shift the phase between the incoming and
outgoing waves (Braun 1995).
12
1.3 Helioseismic holography
Ring-diagram analysis is a generalization of global helioseismology that uses the
power spectrum of solar oscillations from localized patches of the solar surface (Hill
1988). Specifically, the three dimensional Fourier transform is performed along two
orthogonal directions eˆx and eˆy and time. This gives the wave power as a function of
frequency and two spatial wavenumbers kx and ky. For regions devoid of flows, waves
possess no preferred spatial direction, therefore circular rings are formed in the two di-
mensional power spectrum at any given frequency. A local flow will break this symmetry,
and hence distort the rings. This distortion of the rings provides a good diagnostic of the
local flow structure, and is used to probe the Sun’s subsurface flow fields on a daily basis
(Bogart et al. 2011a,b).
Time-distance helioseismology analyzes the wave travel time between any two points
observed at the solar surface, which is sensitive to subsurface flows and sound-speed
inhomogeneities (Duvall et al. 1993). Subsurface perturbations alter the travel times from
the model, and thus contain information about the structure below the surface missing
from our models. Time-distance helioseismology has been used to probe the internal
structure of the Sun, such as the wavelike behavior of supergranulation (Gizon et al. 2003,
Langfellner et al. 2018), the structure of meridional circulation (Giles 2000, Liang et al.
2018b), subsurface flows of active regions (Braun 1997, Gizon et al. 2009), and vortical
flows associated with supergranules (Langfellner et al. 2014). The biggest issue facing
time-distance helioseismology is systematic errors arising as unphysical travel time shifts
seen at different center-to-limb distances, which is most likely due to granulation (Schou
2015). A proper solution to this issue is yet to be discovered.
1.3 Helioseismic holography
Helioseismic holography aims at imaging the Sun’s three-dimensional structure through
focusing p-mode waves into any location of the Sun. The current framework of helio-
seismic holography was developed in the 1990s, when Lindsey and Braun (1990) first
proposed the potential diagnostic capabilities of numerically focusing the observed p-
mode waves into the Sun’s far-side/interior to study the structure therein. This idea was
supported by a later study, where Braun et al. (1992) demonstrated the imaging capabil-
ity of the surface wave power on subsurface acoustic anomalies of active regions. The
breakthrough of helioseismic holography came in 1997, when Lindsey and Braun (1997)
coined the concept of the ‘egression’, the back-propagation (in time) of the observed p-
mode waves into any depth of the Sun. This invention (of the egression) empowers, for
the first time, a computational focusing of the p-mode waves into any desired location
of the Sun, and opens a new window to study the Sun’s internal structure. Furthermore,
statistical properties of the egression were proposed to be used as solar oscillations are
randomly excited (Lindsey and Braun 1997). Specifically, the variance of the egression
was proposed to detect the (variance of) acoustic sources, whereas the covariance of the
egression and its forward-propagating counterpart, the ‘ingression’, to probe scatterers
such as flows and sound-speed inhomogeneities. The above formed the basis of helioseis-
mic holography, which led to various applications that probe the Sun’s far-side/interior
(see introductions in Paper I and II for more detail).
The observed property that helioseismic holography interprets is the two-point covari-
13
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ance function of solar oscillations on the surface. In principle, the maximum amount of
the Sun’s structural information is retrieved of analyzing the covariance functions at all
possible two-point pairs of observed waves. This is, however, a formidable task due to
the large amount of data involved. For example, an image of the size 4096 × 4096 pixels
contains of the order of 1014 different two-point pairs, which is not trivial to analyze. A
constructive solution is provided by helioseismic holography where all these two-point
covariance functions are utilized. Specifically, the egression and the ingression can be
thought of as weighted sums of observed waves, thereby helioseismic holography ana-
lyzes a weighted sum of all two-point covariance functions at any target location. This
approach is much cheaper than analyzing all the covariance functions individually, while
still utilizing all of the data. Furthermore, the weighting (of observed waves) is based on
physical arguments, i.e., wave propagation in the Sun, which facilitates a probe of Sun’s
structure at the desired location.
Despite the success achieved by helioseismic holography, we still lack an interpre-
tation of its measurements that is mathematically rigorous and physically meaningful.
Preliminary work by Skartlien (2001, 2002) revealed a measurement of the local strength
of acoustic sources by the egression, based on the assumption of a deterministic source of
wave excitation. Ruzmaikin and Lindsey (2003) discussed the behavior of the signal-to-
noise ratio at different frequencies using the ray theory of wave propagation. Braun and
Birch (2008a) measured the standard deviation of holographic travel times at different
target locations. Yet, none of these studies provided a thorough theoretical explanation of
the signal and noise in helioseismic holography, which is crucial for tests and design of
strategies sensitive to the various flow structures in the solar interior.
One of the most important tasks of holographic techniques has been finding the op-
timal back propagation method, i.e., the three-dimensional back propagation of the ob-
served wave field on a surface. The most successful achievement so far has been the
Kirchhoff’s integral theorem, which states that the wave field of the solution of the Helmholtz
equation is uniquely determined from observations on a closed surface. Kirchhoff’s inte-
gral theorem, however, is only valid when the medium is source-free. This is not the case
for the Sun, where turbulent convection stochastically and ubiquitously generates solar
oscillations within the interior. For waves propagating in a medium that is not source-
free, a so-called Porter-Bojarski (PB) integral (see, e.g., Porter 1969) has been used in the
research field of acoustics as the back propagation method. The application of this method
has thus far not been rigorously implemented in the solar context. The PB integral and the
‘egression’ (the current approach) was compared by Skartlien (2002). However, no con-
clusion was made of the optimal back propagation that should be applied to helioseismic
holography (see introduction of Paper I for more detail).
The Green’s function is of great importance for back propagation methods, since it
describes the impulse response of wave propagation, and hence is used to back propagate
the wave field. The current Green’s function applied in helioseismic holography is based
on the ray theory of wave propagation, which allows for a fast computation of holograms.
However, the ray theory assumes an infinitesimal wavelength of waves, which is only
valid for scatterers of size bigger than the first Fresnel zone (see, e.g., Birch et al. 2001).
Recent advances in computational helioseismology permit a fast and accurate computa-
tion of the Green’s function that considers the finite wavelength of the wave field (see,
e.g., Gizon et al. 2017). An application of such Green’s functions should improve the
14
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current imaging capability of helioseismic holography.
1.4 Results contained in this work
The goal of this dissertation is to develop a mathematically rigorous and physically mean-
ingful framework for the signal and noise in helioseismic holography, which is crucial for
an accurate interpretation of holographic measurements in the Sun. Furthermore, this
will facilitate tests and design on novel strategies that can improve the current imaging
capability of the Sun’s internal flow structure. This dissertation mainly focuses on the
modeling of the PB integral, specifically, to test and validate its potential diagnostic value
of the Sun’s internal structure and dynamics.
Chapter 2 investigates whether the PB integral improves the current performance of
holography. Both the PB hologram and the egression are mathematical representations
of the Huygen’s principle; they both measure the local strength of acoustic sources. A
proof of concept study shows a comparison between these two methods in a homogeneous
medium. The results show that the PB integral and the egression have similar spatial
resolution when locating acoustic sources. However, the egression suffers from ‘ghost
images’, artificial signals located away from the source location, whereas the PB integral
does not. This means the PB integral can potentially improve the imaging capability of
helioseismic holography.
Chapter 3 continues the previous work to apply the PB integral to helioseismic holog-
raphy, whereas the framework is developed to investigate the signal and noise. Solar
oscillations are simplified as the solution of a Helmholtz-like equation with a spherically
symmetric background taken from a standard solar model, and are randomly excited by
a stationary and spatially uncorrelated source function. Furthermore, scatterers such as
flows and sound-speed inhomogeneties are assumed to be small perturbations on top of
the reference background. In an application to the randomly excited solar oscillations,
the covariance of PB integrals are used as measurements. We then use the first-order
Born approximation to relate scatterers to perturbations of reference measurements. Our
computation finds a resolution of half the local wavelength of holographic measurements,
which validates the previous conjecture that helioseismic holography is diffraction lim-
ited. We also investigate the behavior of holographic measurements under the realization
noise due to the random nature of wave excitation. We find rapid frequency variations
of signal and noise at low frequencies for deep scatterers, due to contributions from in-
dividual long-lived modes of low angular degrees that can reach the deep solar interior.
Additionally, the results show a very low signal-to-noise ratio of measurements above the
frequency cutoff, which disagrees with the previous prediction of a low noise level at high
frequencies based on the ray theory of wave propagation.
Chapter 4 attempts to find the optimal strategy in helioseismic holography to probe the
Sun’s internal flows. Two different flow measuring strategies are discussed and compared.
The so-called lateral-vantage holography uses different pupil geometries to backward and
forward (in time) propagate observed waves into any desired location of the Sun. The
difference of wave travel times between the two pupils to the target location is mostly sen-
sitive to flows near the target location, and as such has been used to probe solar subsurface
flows. Another approach, hereafter the holographic correlation, propagates all observed
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waves to two different target points, whereas the difference of wave travel times from the
pupil to the two target locations should be mainly susceptible to flows along the direction
connected by the two target points. This approach is a direct analogy of time-distance
helioseismology in three dimensions, and is expected to better probe the Sun’s internal
flows than lateral-vantage holography, since it utilizes all the data in each measurement.
In order to validate this prediction, we compare the spatial resolution and the signal-to-
noise ratio between these two flow measuring strategies using the framework developed
in Chapter 3. Our computation shows that the holographic correlation has a higher spatial
resolution and signal-to-noise ratio than lateral-vantage holography, thereby can improve
the current imaging capability of the various subsurface flow structures in the Sun.
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2.1 Abstract
Helioseismic holography is a powerful technique used to probe the solar interior based on
estimations of the 3D wavefield. Porter–Bojarski holography, which is a well-established
method used in acoustics to recover sources and scatterers in 3D, is also an estimation of
the wavefield, and hence it has the potential to be applied to helioseismology. Here we
present a proof of concept study, where we compare helioseismic holography and Porter–
Bojarski holography under the assumption that the waves propagate in a homogeneous
medium. We consider the problem of locating a point source of wave excitation inside a
sphere. Under these assumptions, we find that the two imaging methods have the same
capability of locating the source, with the exception that helioseismic holography suffers
from “ghost images” (i.e., artificial peaks away from the source location). We conclude
that Porter–Bojarski holography may improve the current method used in helioseismol-
ogy.1
2.2 Introduction
Local helioseismology is a powerful tool used to probe the 3D interior of the Sun by
exploiting the information contained within the acoustic and surface-gravity waves ob-
served at the surface (see, e.g., Gizon and Birch 2005, Gizon et al. 2010). Helioseismic
holography is one branch of local helioseismology, which aims at imaging the subsurface
structure by estimating the wavefield inside the Sun (Lindsey and Braun 1997, 2000a).
One significant achievement of helioseismic holography has been the detection of active
regions on the far-side of the Sun (far-side imaging: Lindsey and Braun 2000b). The tech-
nique used in far-side imaging, known as phase-sensitive holography, has been validated
with synthetic data (see, e.g., Hartlep et al. 2008, Birch et al. 2011, Braun 2014), and it is
extensively used in studying active regions in the near hemisphere (e.g., Braun and Birch
1This chapter reproduces the article Ghost Images in Helioseismic Holography? Toy Models in a Uni-
form Medium by D. Yang, published in Solar Physics 293, 17 (2018), DOI https://doi.org/10.1007/
s11207-018-1246-0. Reproduced under the terms of the Creative Commons Attribution 4.0 International
License (http://creativecommons.org/licenses/by/4.0/).
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2008b, Braun 2016).
The fundamental concept of helioseismic holography is that the wavefield can be es-
timated by the so-called “egression”, which is the back-propagation (in time) of the ob-
served wavefield at the surface into the solar interior (see reviews by Lindsey and Braun
2000a, Lindsey et al. 2011). The egression can be understood in terms of Huygens’ prin-
ciple, whereby each point of a wavefront is considered a source, and the wavefield at a
later time as a superposition of waves emitted from all of these point sources along the
wavefront (see, e.g., Landau and Lifshitz 1975). Specifically, each arbitrarily small sec-
tion of the observed wavefield can be regarded as a point source, and the egression as
the sum of the back-propagated (in time) waves generated from all these point sources.
Therefore, the egression behaves in the same manner as the wavefield propagating back-
ward in time. Furthermore, the propagation of the wavefield forward in time is known as
the “ingression”. The ingression can be understood by Huygens’ principle in the same
way as the egression, but for the waves that are forward-propagating in time.
Since Huygens’ principle is frequently used in optics and acoustics, it is thus not
surprising that techniques similar to the egression/ingression have been used in fields
outside helioseismology. In ocean acoustics, Jackson and Dowling (1991) proposed an
active method called phase conjugation, which used the same principle as the egression,
to locate acoustic sources. This method records the wavefield on an array of detectors
at a fixed surface, and then it creates a time-reversed (or a complex-conjugatation in the
frequency domain) wave by treating the wavefield observed at each detector as a point
source. Jackson and Dowling (1991) argued that the newly created wave will focus on the
source of the original wave. This proposed method was later confirmed by experiments
in the sea (see, e.g., Kuperman et al. 1998, Song et al. 1998).
The rigorous mathematical statement of Huygens’ principle is the Helmholtz–Kirchhoff
theorem, which states that the wavefield can be reconstructed in 3D space if both the
wavefield and its normal derivative are recorded on an arbitrary closed surface (see, e.g.,
Born and Wolf 1999). However, the Helmholtz–Kirchhoff theorem is only valid for a
source-free medium (Porter and Devaney 1982). This is not the case for the entirety of
the solar interior, where the wavefield is stochastically and ubiquitously excited by near-
surface convection. In this case the medium is not source-free, and to our knowledge, no
theory has been established thus far that can reconstruct the wavefield in 3D space directly
from observations on a 2D surface.
Although the direct reconstruction of the wavefield is not possible, acoustic sources
and scatterers can be estimated in 3D space for a medium that is not source-free. In acous-
tics, a well-established technique known as Porter–Bojarski (PB) holography can achieve
this (see, e.g., Porter and Devaney 1982, Devaney and Porter 1985, Devaney 2012). PB
holography is based on an integral that is slightly different from the Helmholtz–Kirchhoff
theorem; however, the wavefield and its normal derivative are still required (see Sec-
tion 2.3). Instead of reconstructing the wavefield, PB holography produces a 3D image
(known as the PB hologram) from a closed surface that is equivalent to the difference be-
tween the wavefield and its time-reversal (Porter 1969). Understanding the PB hologram
can be achieved through Huygens’ principle. Specifically, the wavefield and its normal
derivative recorded at a surface can be thought of as a dipole and a monopole source,
respectively. This means that the PB hologram is also an estimation of the wavefield,
and hence it has the potential to be applied to helioseismology in a similar manner to the
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egression.
With the possible application of PB holography, it is then natural to ask whether this
new method better estimates the wavefield than the egression, and hence it improves the
current imaging capabilities of heliseismic holography. Previous studies by Skartlien
(2001, 2002) have shown that both the egression and the PB hologram are measurements
of the local strength of acoustic sources and can be related to the sources via their re-
spective sensitivity kernels. This allows us to refine the scope of the previous question;
specifically, which method is more accurate at locating acoustic sources? Comparisons
between these methods have been done in ocean acoustics, where Jackson and Dowling
(1991) showed that both methods can locate the source. Hence, the authors concluded that
the egression is the simplified version of the PB hologram, and chose to use the egression
as their preferred method since it is easier to implement. In the case of helioseismology,
however, the question of the optimal method has yet to be answered. This is the goal of
this article. Additionally, preliminary work by Lindsey and Braun (2004) showed that he-
lioseismic holography suffers from unintended mirror-like images (“ghost images”) due
to the use of only a monopole source. An examination of ghost images in the egression
and the PB hologram will also be a focus of this study.
In this article, we present a proof of concept study, where we compare the source-
sensitivity kernels of helioseismic holography and PB holography by assuming waves are
propagating in a homogeneous medium. Specifically, we will examine which method is
more accurate at locating acoustic sources, and hence estimating the wavefield. Addi-
tionally, we will examine the affect of observational coverage area on the kernels. This
will provide an opportunity to improve the current method used in helioseismology. This
article is organized as follows: Section 2.3 states the derivation of source-sensitivity ker-
nels of helioseismic holography (egression) and PB holography, Section 2.4 states the
toy model used in this paper, Section 2.5 compares the two methods with discussion and
conclusions in Section 2.6.
2.3 Source-sensitivity kernels
In this section, we will present how helioseismic holography and PB holography are re-
lated to acoustic sources. We will work entirely in the temporal Fourier domain using the
convention
f (ω) =
∫ +∞
−∞
dtF(t)eiωt, (2.1)
where f (ω) is the Fourier transform of a given function F(t).
The egression [ΦLB], as described by Lindsey and Braun (1997) (LB), is one of the
basic quantities used in helioseismic holography,
ΦLBA (r, ω) =
∫
A
d2r′G∗(r, r′, ω)Ψ(r′, ω), (2.2)
where r denotes the focal point, A is the coverage of the wavefield Ψ(r′, ω) at any point
r′ on the solar surface, and G(r, r′, ω) is the Green’s function associated to a wave oper-
ator defined below with the asterisk denoting the complex conjugate. For simplicity, we
will drop the ω within the function’s arguments for the remainder of this study. Further
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definitions and explanations concerning the Green’s function will be given later in this
section.
The PB hologram ΦPB is defined by Devaney and Porter (1985),
ΦPBA (r) =
∫
A
d2r′ {Ψ(r′)∂n′ImG(r, r′) − ImG(r, r′)∂n′Ψ(r′)} , (2.3)
where ∂n′ denotes the outward normal derivative with respect to r′, and ImG is the imagi-
nary part of the Green’s function.
In order to relate ΦLB and ΦPB to the acoustic sources, we first need to determine
the impulse response function [G, the Green’s function] of the wave equation. Here we
assume that the wavefield [Ψ] is related to the sources through the application of a linear
wave operator [L],
LΨ(r) = S (r), (2.4)
where S (r) is the source function. For generality, we choose not to explicitly state L
here. The Green’s function is the impulse response of Equation 2.4, and is defined as the
solution to
LG(r, rs) = δ(r − rs), (2.5)
where δ(r−rs) is the Dirac delta function and rs is the location of the source. One property
of the Green’s function, which is crucial to deriving source sensitivity kernels, is that it
can be used to solve Equation 2.4 through
Ψ(r′) =
∫
R3
d3rsG(r′, rs)S (rs). (2.6)
Through expansion of Ψ in Equation 2.2 with the definition in Equation 2.6, the egres-
sion becomes
ΦLBA (r) =
∫
A
d2r′G∗(r, r′)
∫
R3
d3rsG(r′, rs)S (rs), (2.7)
and through a change in the order of integration, one obtains the definition for the source
sensitivity kernel [KLB] for the egression
ΦLBA (r) =
1
4pi
∫
R3
d3rsKLBA (r, rs)S (rs), (2.8)
where
KLBA (r, rs) = 4pi
∫
A
d2r′G∗(r, r′)G(r′, rs). (2.9)
We note that the 4pi factor is included here such that KLB possesses a desired near-
unitary amplitude for this study.
The same procedure is repeated for the derivation of the PB hologram by expanding
Ψ in Equation 2.3 with Equation 2.6 and changing the order of integration;
ΦPBA (r) =
1
4pi
∫
R3
d3rsKPBA (r, rs)S (rs), (2.10)
KPBA (r, rs) =4pi
∫
A
d2r′ {G(r′, rs)∂n′ImG(r, r′) − ImG(r, r′)∂n′G(r′, rs)} , (2.11)
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where KPBA is the source sensitivity kernel of the PB hologram.
A comparison of the egression and the PB hologram requires only the knowledge of
their respective source-sensitivity kernels, whereas details of the source function are not
needed. Therefore, we will examine the source-sensitivity kernels of the two imaging
methods in this study. We will compare the two source kernels under simplifying as-
sumptions about the medium in which the waves propagate. We note that, in practice,
the egression power |ΦLB|2 is used to estimate the location of acoustic sources, since the
wavefield in the Sun is stochastically excited (see, e.g., Lindsey and Braun 1997, Hanson
et al. 2015). Therefore, we will also compare the squared modulus of the source kernels.
2.4 Toy model: Waves in a homogeneous medium
With Equations 2.9 and 2.11 in hand, we require the computation of the Green’s functions
in order to determine the source-sensitivity kernels. In general, a Green’s function can
be obtained numerically for any given linear operator [L]. However, as stated in the
introduction, we examine a homogeneous medium and as such the Green’s function can
be computed analytically.
We consider this homogeneous medium in R3 space with a constant sound speed c =
105 m·s−1, and we adopt the linear wave operator,
L = k2 + ∇2, k = ω + iγ
c
, (2.12)
where k is the wavenumber, ω is the angular frequency and γ is the damping rate. The
solution of Equation 2.5 with the above wave operator and free boundary condition is
given by
G(r, r′) = − 1
4pi
exp (ik|r − r′|)
|r − r′| , (2.13)
which is also known as the outgoing free-space Green’s function (Born and Wolf 1999).
In this study, we set the damping rate [γ] to be 0.1 % of the angular frequency, and we use
a Cartesian coordinate system (x, y, z) with its origin at the center of a sphere V with the
radius R = 696 Mm.
Current observational capabilities mean that we can only observe the wavefield on a
fraction of the solar surface. To study the consequence of this limitation on observations,
we will examine both the case where the entire surface is observed and the case where
only a fraction of the solar surface is observed. In these cases, we assume the sources
are located along the z-axis, the coverage is symmetric with respect to the z-axis and
is centered above the North Pole (0, 0,R). Under these assumptions, KLB and KPB are
axisymmetric about the z-axis.
2.5 Results
2.5.1 Source-sensitivity kernels at 3 mHz
Here we examine the source-sensitivity kernels [KLB and KPB] at a frequency of ω/2pi =
3 mHz. Figure 2.1 shows 2D slices of both the real and imaginary parts of KLB and
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Figure 2.1: 2D slices of the real and imaginary parts of KLB and KPB through the z-axis,
when the entire surface (top row) and 60 degrees around the North Pole (middle and
bottom rows) can be observed. The location of the source is at the focal point of the cross
hairs (solid black lines) in each plot, being zs = 0.9R in the top and middle rows and
zs = −0.9R in the bottom row. A simple geometry plot is given on the left of each row,
with the source location (asterisk), the solar center (big dot), solar surface (dashed lines),
and coverage area (solid arc) on top of it.
cKPB/ω through the z-axis, for the source locations at zs = 0.9R (panel a to h) and
−0.9R (panel i to l) on the z axis. The factor c/ω is added to KPB so that the kernel
is dimensionless like the egression. The first row of panels show the source-sensitivity
kernels under the assumption that the entire surface is observed. The remaining rows
show the kernels assuming a coverage of 60 degrees from the North Pole. Considering all
panels, both Re[KLB] and Re[KPB] peak at the source, while in comparison Im[KLB] and
Im[KPB] are negligible if the source is located at the near side. These results demonstrate
that both Re[KLB] and Re[KPB] can locate the source in both of these coverage geometries.
In the case of far-side located sources, all of the kernels have became less localized. While
these kernels can locate the sources, we also see that the egression kernels (both the real
and imaginary parts) have “ghost images” above the surface, while the PB holograms do
not. These ghost images appear as peaks at points away from the source location. We
note that in this work we also observed ghost images below the surface in the egression,
when the source is above the surface. This suggests that the egression cannot distinguish
sources from below and above the surface, since one can not differentiate sources and
ghosts. The PB holograms do not suffer from this problem. Further explanations and
discussions concerning the ghost images will be given in Section 2.6.1.
For a more focused comparison of the kernels in Figure 2.1, Figure 2.2 shows 1D
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Figure 2.2: 1D slices of KLB (blue solid) and KPB (red dashed) shown in Figure 2.1 along
the z axis. The real parts are plotted in panels a, c, and e, and the imaginary parts in panels
b, d, and f. The geometry is shown on the left with the addition of the slice length (blue
line).
slices of KLB and KPB along the z-axis with the real parts shown in panel a, c, and e, and
the imaginary parts in panel b, d, and f. Re[KLB] and Re[KPB] again have peaks at the
source location. Here we see that despite the coverage geometry, Im[KLB] and Im[KPB]
are always zero at the source location with the peaks seen in Figure 2.1 surrounding the
source location. This suggests that Im[KLB] and Im[KPB] cannot pinpoint the exact source
location. In the case of far-side located sources, KLB and KPB are both highly oscillatory
and non-localized, and hence recovering the source location may be problematic with ob-
servations at a single frequency.
Figure 2.3 shows 1D slices of KLB and KPB along a line that is perpendicular to the
z-axis and passes through the source. Due to axial symmetry, only half of the slice is
plotted. Here the imaginary parts of KLB and KPB are not shown since they are negligible
compared to the real parts. Unlike the vertical slices, both KLB and KPB do not have ghost
images, and they are less oscillatory when the source is located at the far-side.
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Figure 2.3: 1D slices of KLB (blue solid) and KPB (red dashed) in Figure 2.1 along the
line perpendicular to the z-axis. The imaginary parts are negligible compared to the real
parts, and they are not shown in the figure. Due to axial symmetry, only half of the slice
is shown. The geometry of the slices is shown on the left with the slice length shown in
blue.
2.5.2 Kernels averaged over frequency
Specifically, for observations at a single frequency both methods are highly oscillatory
and non-localized for the far-side located source, and the egression suffers from ghost
images for the near-side located source. One possible solution to the above issues is to
average kernels over a number of frequencies, since the ghost images for the near-side
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located source and the side-lobes for the far-side located source may peak at different
locations for different frequencies.
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Figure 2.4: 1D slices of kernels averaged over frequencies using a Gaussian weight func-
tion centered at 3 mHz with a standard deviation of 1 mHz. Here we use a bar to denote
the averaged quantity. The observational coverage A is depicted in the left panels (thick
arcs). The frequency averaging reduces the amplitudes of the ghost images for the near-
sided source and the side-lobes for the source on the far-side.
Figure 2.4 shows 1D vertical slices of KLB and KPB averaged from 41 frequencies
equally distributed from 1 to 5 mHz. A Gaussian weight function centered at 3 mHz and
with a standard deviation of 1 mHz had been applied for the averaging. From these results,
it is clear that averaging kernels over frequency reduces the amplitude of the ghost images
for the near-sided source and the side-lobes for the far-side located source. The averaged
kernels along the horizontal direction are similar to the kernels with a single frequency,
and as such they are not shown here.
As mentioned in Section 2.3, the egression power, which is related to the source co-
variance via |KLB|2, has been used in observations as estimations of the acoustic sources.
Therefore, the effect of averaging |KLB|2 and |KPB|2 over different frequencies is also of
great interest. Figure 2.5 shows a comparison of |KLB|2 and |KPB|2 with or without aver-
aging over different frequencies. Only the slices along the vertical direction are shown,
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Figure 2.5: 1D slices of |KLB|2 and |KPB|2 in a plane containing the z-axis. The left panels
are for a single frequency of 3 mHz. The right panels are for averages over frequencies
using a Gaussian weight function centered at 3 mHz with a standard deviation of 1 mHz.
We see that averaging the kernels over frequencies reduces the amplitude of the ghosts
when the source is located on the near-side, and it improves the spatial resolution when
the source is located on the far-side.
as the difference between |KLB|2 (|KPB|2) from a single frequency at 3 mHz and averaged
from 1 to 5 mHz along the horizontal direction is small. In the vertical direction, averag-
ing |KLB|2 and |KPB|2 over different frequencies reduces the amplitude of the ghosts when
the source is located on the near-side, and improves the spatial resolution when the source
is located on the far-side.
2.5.3 Dependence of the spatial resolution on the coverage
The results thus far have shown that both of the methods can locate the source, though the
egression has the complication of ghost peaks. The question then arises of how well do
these methods resolve the sources with differing observational coverages? We define the
spatial resolution the egression and the PB hologram as the full width at the half maximum
(FWHM) of |KLB|2 and |KPB|2 respectively. From Figures 2.2 and 2.3 we can see that both
of the methods behave differently in the vertical and horizontal directions, and as such the
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FWHM in these two directions are considered separately. Additionally, to quantify the
affect of averaging kernels over different frequencies, both the FWHM for kernels from a
single frequency at 3 mHz and the value averaged over frequencies from 1 to 5 mHz are
considered.
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Figure 2.6: The full width at half maximum (FWHM) of |KLB|2 and |KPB|2 as a function
of the angle [θh], which defines the observational coverage (cap of area A). The FWHM
along two directions, horizontal and vertical, are shown in the case of a near-side located
source (zs = 0.9R, blue) and a far-side located source (zs = −0.9R, red). The theoretical
resolution limit of λ/2 is also shown with a horizontal black line. Additionally, both the
results for the kernels at a single frequency ω/2pi = 3 mHz and the frequency-averaged
kernels are shown on the left and right columns, respectively.
Figure 2.6 shows the FWHM of |KLB|2 and |KPB|2 as a function of the angle [θh], which
defines the observational coverage (cap of area [A]). The FWHM along vertical (top row)
and horizontal (bottom row) directions are considered in the case of kernels at 3 mHz (left
column) and averaged from 1 to 5 mHz (averaged kernel, right column). At 3 mHz, the
difference between the two imaging methods is small, which implies that either method
has the same capability to resolve the source. Furthermore, the FWHM is close to the
resolution limit despite the size of the coverage area when the source is located at the
near-side (zs = 0.9R). When the source is located at the far-side (zs = −0.9R), the
resolution improves (FWHM decreases) with increasing coverage. When averaging over
different frequencies, a clear improvement of the spatial resolution can be found along the
vertical direction when the source is located on the far-side, while the spatial resolution is
almost the same as before for other cases.
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2.6 Discussion
2.6.1 Ghost images in the egression
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Figure 2.7: 2D slice of the real (left panel) and imaginary (right panel) part of KLB through
the z-axis when the wavefield is observed at the z = 0 plane. Here the coverage is a circle
that centered at the origin and with the radius of R. The source is located along the z-axis
at zs = −0.1R and is indicated by the focus of the cross hairs in each plot.
The appearance of ghost images in the egression can be understood by Huygens’
principle, whereby each arbitrarily small section of the observed wavefield is regarded as
a point source, and the egression as a superposition of the back-propagated (in time) waves
generated from all the point sources. Furthermore, each newly created wave is spherically
symmetric with respect to its source location in a homogeneous medium, and thus it will
propagate in all directions with the same behavior. This is the cause of the ghost images.
A clear example of this is when the wavefield is recorded on a plane, where all of the
newly created waves are symmetric with respect to the recording surface, and hence the
egression will focus on both the source location and its counterpart on the other side of
the surface (see Figure 2.7 for an example). When the wavefield is observed on a sphere,
however, the newly created waves are no longer symmetric with respect to the surface, and
the ghost images show a complicated diffraction pattern due to the interference among the
newly created waves (Figure 2.1). This provides a simple explanation for the ghost images
seen in the egression above the surface (see also Lindsey and Braun 2004).
The PB hologram does not suffer from ghost images like the egression, since it in-
cludes not only a monopole source but also a dipole source, which is not symmetric with
respect to the source location. Additionally, the amplitudes of the monopole and dipole
sources are chosen such that the PB hologram only focuses on the source location.
Future work should include a solar-like density stratification to confirm this simple
explanation. The sharp drop in density at the solar surface leads to a reflection of the
waves below 5.3 mHz, which is not captured in our toy model.
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We also note that Lindsey and Braun (2005a,b) proposed that ghost images may ex-
plain the presence of phase anomalies observed around active regions in phase-sensitive
holography. For further implications and discussions about the ghost images in helioseis-
mic holography, we refer readers to Lindsey and Braun (2004).
2.6.2 The ingression and the PB hologram
In this study, we have not considered the ingression in our analysis. The ingression is
an equally important quantity used in helioseismic holography, which is an estimation of
where the wavefield converges to by propagating the wavefield forward in time (Lindsey
and Braun 1997). So far, we have considered the wavefield Ψ as diverging away from
the source. However, to compare the ingression and the PB hologram, a wavefield that
converges from infinity to the source location is desired. Such a wavefield can be achieved
by considering the wavefield diverging from the source as before, but with the reversed
sign in time, i.e., Ψ(r,−t). In the frequency domain, this time-reversal corresponds to
taking the complex conjugate. Additionally, the wave number [k] in the wave equation
is also conjugated and thus the wavefield decays when propagating towards the source
location (Devaney 2012). In this case, the ingression is
ΦLBA,−(r, ω) =
∫
A
d2r′G(r, r′, ω)Ψ∗(r′, ω), (2.14)
and the PB hologram becomes
ΦPBA,−(r, ω) =
∫
A
d2r′{Ψ∗(r′, ω)∂n′ImG(r, r′, ω) − ImG(r, r′, ω)∂n′Ψ∗(r′, ω)}. (2.15)
We can see that ΦLB− and Φ
PB
− are simply the complex conjugates of Φ
LB and ΦPB. Since
we have discussed the real and imaginary parts and the power of ΦPB and ΦLB separately
in the results, those of ΦLB (ΦPB) will be the same as ΦLB− (Φ
PB
− ). In particular, Φ
LB
− will
also have ghost images while ΦPB− will not, and |ΦLB− |2 and |ΦPB− |2 will have the same spatial
resolution when imaging acoustic sources.
2.6.3 Application to stereoscopic helioseismology
Results in Section 2.5.3 showed that the spatial resolution of the hologram on the far-side
increases as the coverage area increases. Thus the resolution has a fundamental limit when
observing from a single vantage point. It has been suggested to combine observations
from two or several vantage points to increase the observation coverage and therefore
to improve the spatial resolution (and signal-to-noise ratio) of holography. Stereoscopic
helioseismology is believed to be our best chance to probe the subsurface structure in the
polar regions and the deep convection zone, which is crucial for understanding the 11-
year solar cycle (see, e.g., Ruzmaikin and Lindsey 2003). This conjecture, however, has
not been studied in detail.
Figure 2.8 shows the PB hologram at the solar surface with a Dirac delta source lo-
cated 0.7 Mm below the surface at 270◦ longitude along the Equator. Different coverage
geometries are considered in the case of a single spacecraft (top row), two spacecraft in
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Figure 2.8: 2D slices of Re[KPB] at the solar surface for observations from a single space-
craft (top row), two spacecraft in the Ecliptic (middle row), and two spacecraft with one
in the Ecliptic and the other at 45◦ inclination (bottom row). Here the source is located
0.7 Mm below the surface at 270◦ longitude along the Equator, and the plots are shown
after divided by the maximum value of Re[KPB]. We note that Im[KPB] is negligible, and
as such is not shown here. We plot Re[KPB] at the entire surface on the left column, where
the boundary of the coverage is marked by a red curve and the point below the spacecraft
by a cross. Additionally, a zoom of images around the source location are shown on the
right column, where a circle centered above the source location and with a diameter of
the wavelength is added on each plot. We can see a clear improvement of the spatial
resolution when a second spacecraft is added. Furthermore, a preferred direction that
possesses higher spatial resolution is found along the great circle (black-dashed line) that
goes through the points below the two spacecraft.
the ecliptic (middle row), and two spacecraft with one in the Ecliptic and the other at 45◦
inclination (bottom row). Here only the real parts of the PB hologram are shown, since
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the imaginary parts are negligible. The results show a clear improvement of the spatial
resolution when a second spacecraft is added, whereas the FWHM along the Equator is
about two times smaller than that of a single spacecraft. Additionally, the spatial resolu-
tion is increased along the great circle (black-dashed line) at the intersection of the plane
that contains the center of the sphere and the two spacecraft.
Stereoscopic helioseismology might be implemented in future space missions such as
Solar Orbiter and Solar Activity Far Side Investigation (see, e.g., Sekii et al. 2015 and ref-
erences therein) together with observations collected from the ground (Global Oscillation
Network Group) or from near-Earth orbit (Solar Dynamics Observatory). In particular,
the Polarimetric and Helioseismic Imager onboard Solar Orbiter is to be launched soon
and will provide high-resolution line-of-sight velocity and continuum intensity at the pho-
tosphere, which are suitable for helioseismic studies (Woch and Gizon 2007, Müller et al.
2013, Löptien et al. 2015). The orbit of Solar Orbiter will have a period of 168 days
during the nominal mission and reach a heliographic latitude of up to 25◦ (35◦ during an
extended mission) (Müller et al. 2013). This means that Solar Orbiter will cover a large
range of spacecraft–Sun–Earth angles to test stereoscopic helioseismology.
2.7 Outlook
In this article we found that helioseismic holography and PB holography are similar tech-
niques, with the exception that the egression and the ingression suffer from ghost images.
In principle, we could apply the PB holograms to phase-sensitive holography by replac-
ing the egression and the ingression with the appropriate ΦPB and ΦPB− . Our toy model
suggests that the PB holograms will improve current helioseismic holography since they
do not suffer from ghost images. However additional modeling work is needed. Future
studies should consider random acoustic sources and scatterers. Furthermore, the com-
putations must be carried out in a solar-like stratified background medium. Finally, in
order to implement PB holography a method for determining the normal derivative of the
wavefield needs to be developed.
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3 Paper II: Signal and noise in
helioseismic holography
3.1 Abstract
Helioseismic holography is an imaging technique used to study heterogeneities and flows
in the solar interior from observations of solar oscillations at the surface. Holographic
images contain noise due to the stochastic nature of solar oscillations. We provide a the-
oretical framework for modeling signal and noise in Porter-Bojarski helioseismic holog-
raphy. The wave equation may be recast into a Helmholtz-like equation, so as to connect
with the acoustics literature and define the holography Green’s function in a meaningful
way. Sources of wave excitation are assumed to be stationary, horizontally homogeneous,
and spatially uncorrelated. Using the first Born approximation we calculate holographic
images in the presence of perturbations in sound-speed, density, flows, and source covari-
ance, as well as the noise level as a function of position. This work is a direct extension
of the methods used in time-distance helioseismology to model signal and noise. To il-
lustrate the theory, we compute the holographic image intensity numerically for a buried
sound-speed perturbation at different depths in the solar interior. The reference Green’s
function is obtained for a spherically-symmetric solar model using a finite-element solver
in the frequency domain. Below the pupil area on the surface, we find that the spatial res-
olution of the holographic image intensity is very close to half the local wavelength. For
a sound-speed perturbation of size comparable to the local spatial resolution, the signal-
to-noise ratio is approximately constant with depth. Averaging the image intensity over
a number N of frequencies above 3 mHz increases the signal-to-noise ratio by a factor
nearly equal to the square root of N. This may not be the case at lower frequencies, where
large variations in the holographic signal are due to the individual contributions of the
long-lived modes of oscillation.1
3.2 Introduction
Local helioseismology aims at studying the solar interior in three dimensions by exploit-
ing the information contained in the waves observed at the solar surface (e.g., Gizon
1This chapter reproduces the article Signal and noise in helioseismic holography by Laurent Gizon,
Damien Fournier, Dan Yang, Aaron C. Birch, and Hélène Barucq, Astronomy & Astrophysics 620, 136
(2018), DOI 10.1051/0004-6361/201833825. Reproduced with permission from Astronomy & Astro-
physics, c© ESO.
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and Birch 2005, and references therein). Helioseismic holography is one particular ap-
proach of local helioseismology, which images subsurface scatterers by back-propagating
the surface wave field to target points in the interior. Helioseismic holography is also
known as Lindsey-Braun (LB) holography (Lindsey and Braun 1997, 2000a, and refer-
ences therein). It has been used to study solar convection (Braun et al. 2004, 2007),
active region emergence (Birch et al. 2013, 2016), sunspot subsurface structure (Braun
and Birch 2008b, Birch et al. 2009), to image wave sources (Lindsey et al. 2006), to study
sunquakes caused by solar flares (Zharkov et al. 2013, Besliu-Ionescu et al. 2017), and to
detect active regions on the far side of the Sun (Lindsey and Braun 2000b, Liewer et al.
2014).
In acoustics, a well-established version of holography in a medium that contains
sources is Porter-Bojarski (PB) holography (Porter and Devaney 1982). PB holography
uses both the wave field and its normal derivative at the surface to produce holographic
images (Porter 1969). PB holography was introduced in helioseismology by Skartlien
(2001, 2002), where deterministic sources and scatterers were recovered in a solar back-
ground. Yang (2018) recently studied PB holographic images in a homogeneous medium
permeated by localized deterministic sources to study ghost images near the observational
boundary.
In this paper we apply PB holography in a realistic helioseismological setting. First
we rewrite the wave equation in Helmholtz form, in order to properly define the Green’s
functions that are involved in the definition of PB holographic data. The background
density and sound-speed are taken from a standard solar model. The model of wave
excitation is described by a reasonable source covariance function, which leads to a solar-
like power spectrum for acoustic oscillations.
The signal is defined as the expectation value of the holographic image intensity that
results from perturbations in sound speed, density, and flows with respect to the reference
solar model. The corresponding sensitivity kernels are computed in the first-order Born
approximation (Gizon and Birch 2002, Birch and Gizon 2007, Braun et al. 2007, Birch
et al. 2011). This signal must take into account the correlations between incident and
scattered wave fields, which are both connected to the sources of excitation (turbulent
convection).
Random noise in holographic images is due to the stochastic nature of the sources
of excitation. While noise can sometimes be estimated from the data (Lindsey and Braun
1990, Braun and Birch 2008a), a theoretical understanding is useful to design holographic
experiments. Here we extend to holography the noise model developed in time-distance
helioseismology (Gizon and Birch 2004, Fournier et al. 2014). We do not attempt to
image individual sources as in Skartlien (2002), which in our view is not a well-posed
problem (see also Lindsey et al. 2006), except in case of imaging the sources of sunquake
waves. Instead we consider sources to be specified through a source covariance function.
3.3 Reduced wave equation
At angular frequency ω and spatial position r in the computational domain V , the prop-
agation of acoustic waves in a 3D heterogeneous moving medium is described by the
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displacement vector ξ(r, ω), solution to
− (ω + iγ + iu · ∇)2ξ − 1
ρ
∇
(
ρc2∇ · ξ
)
+ gravity terms = F, (3.1)
where ρ(r) and c(r) are the density and sound speed, and u(r) is a steady vector flow.
Wave attenuation is included through the function γ(r, ω). The source term F(r, ω) is
a realization from a random process; it describes the stochastic excitation of the waves
by turbulent convection. Following Lamb (1909) and Deubner and Gough (1984), we
consider the scalar variable
ψ = ρ1/2c2∇ · ξ, (3.2)
to recast the wave equation into a Helmholtz-like equation
Lψ := −(∆ + k2)ψ − 2iω
ρ1/2c
ρu · ∇
(
ψ
ρ1/2c
)
= S , (3.3)
where S = ρ1/2c2∇ · F is a scalar source term. The local wavenumber k(r, ω) is given by
k2 =
(ω2 + 2iωγ) − ω2c
c2
, (3.4)
where the squared acoustic cut-off frequency is
ω2c = ρ
1/2c2∆(ρ−1/2). (3.5)
In obtaining Eq. (4.2), we ignored gravity terms and assumed slow variations of c, u, and
γ compared to the wavelength (Gizon et al. 2017). The advection term is such that the cor-
responding operator is Hermitian symmetric for the inner product 〈ψ1, ψ2〉 =
∫
ψ∗1ψ2 dV
under the conditions that the flow conserves mass and that it does not cross the boundary
(un = 0 on ∂V).
The stochastic sources of excitation are assumed to be stationary and spatially uncor-
related. They are described by a source covariance function of the form
E[S ∗(r, ω)S (r′, ω)] = M(r, ω)δ(r − r′). (3.6)
To solve Eq. (4.2), one needs to specify a boundary condition at the computational
boundary. Here we apply an outgoing radiation boundary condition
∂nψ = iknψ on ∂V. (3.7)
We apply the boundary condition (Atmo RBC 1) from Barucq et al. (2018), which as-
sumes an exponential decay of the background density at the boundary of the domain but
neglects curvature. Then, the local wavenumber kn from Eq. (3.7) is given by
k2n =
ω2 + 2iωγ
c2
− 1
4H2
, (3.8)
where H = −1/(d ln ρ/dr) is the density scale height at the boundary. The last term in
Eq. (3.8) is connected to the cut-off frequency for an isothermal atmosphere (Lamb 1909),
thus kn is an approximation of the wavenumber k from Eq. (4.3). Fournier et al. (2017)
discusses several of the boundary conditions derived in Barucq et al. (2018).
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Table 3.1: Possible wave propagators.
Wave propagator Hα References
Backward G∗0 Porter and Devaney (1982)
Backward G−0 Tsang et al. (1987)
Backward Im G0 Devaney and Porter (1985)
Forward (G−0 )
∗ This work
3.4 Holographic image intensity
The following calculations are done at constantω, thus we dropω from the list of function
arguments when not explicitly needed. The Porter-Bojarski integral is defined by Porter
and Devaney (1982):
Φα(x, A) :=
∫
A
[ψ(r)∂nHα(r, x) − Hα(r, x)∂nψ(r)]dr, (3.9)
where Hα is an acoustic wave propagator for the reference medium and A is a surface on
the Sun where ψ and ∂nψ are observed. The role of Hα is to propagate the wave field
backward (or forward) in time, which leads to the concept of egression (or ingression) in
LB holography (Lindsey and Braun 2000a).
Several choices have been proposed in the literature for the propagators, as detailed
in Table 3.1. These depend on the outgoing (G0) and incoming (G−0 ) Green’s functions
defined in a reference medium with ρ0, c0, γ0, and u0 = 0:
L0[G0(r, r′)] = δ(r − r′) and ∂nG0 = iknG0 on ∂V, (3.10)
L0[G−0 (r, r
′)] = δ(r − r′) and ∂nG−0 = −iknG−0 on ∂V, (3.11)
with
L0 = −(∆ + k20), (3.12)
where k0 is k in the reference medium and kn is from Eq. (3.8). The Green’s functions G∗0
or G−0 are backward propagators (c.f. egression), while (G
−
0 )
∗ is a forward propagator (c.f.
ingression). When the surface A is closed, it is equivalent to use G∗0 and Im G0 (Devaney
and Porter 1985). Tsang et al. (1987) proposed Hα = G−0 as a backward propagator to
correct for wave attenuation.
If the observations are made at the computational boundary and the wave field satisfies
the same boundary condition as the Green’s function, then Eq. (4.1) reads
Φα(x, A) =
∫
A
ψ(r)[∂nHα(r, x) − iknHα(r, x)]dr. (3.13)
When Hα = G∗0, we have
Φ(x, A) = −2iRe[kn]
∫
A
ψ(r)G∗0(r, x)dr, (3.14)
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Table 3.2: Proposed propagators and associated pupils (Hα, A) and (Hβ, A′) for different
types of perturbations. The pupil geometries are shown in Fig. 3.1.
Perturbations Hα A Hβ A′
Source covariance Im G0 P Im G0 P
Sound speed (G−0 )
∗ P G−0 P
Flow uθ (G−0 )
∗ Qsouth G−0 Qnorth
Flow uφ (G−0 )
∗ Qeast G−0 Qwest
Figure 3.1: Pupil geometries used to compute sound-speed or source kernels (P) and flow
kernels (Qs), also see Table 3.2.
which corresponds to the egression as defined by Lindsey and Braun (2000a). Thus LB
and PB integrals are closely related, at least for the upper boundary condition employed
here.
In LB holography, information is extracted from the egression-ingression correlation
(wave-speed perturbations and flows) and from the egression power (source covariance).
Analogously, we define the PB image intensity (or covariance) as
Iαβ(x, A, A′) = Φ∗α(x, A)Φβ(x, A
′). (3.15)
For the case α = β we define
Iα(x, A) = |Φ∗α(x, A)|2. (3.16)
Different choices of pupils and propagators will provide sensitivity to different quantities
as shown in Table 3.2. Scatterers are detected by correlating the forward and backward
propagated wavefields. Different pupil shapes will give access to different components of
the flow (Table 3.2 and Fig. 3.1).
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3.5 First-order perturbations with respect to a reference
solar model
We wish to study how perturbations to the background medium affect the holographic
images. Using the Born approximation, the first step is to express the perturbations to
the wavefield and use this expression in Eq. (4.1) to obtain the perturbations to the PB
integral and the image intensity.
3.5.1 Perturbations to the wavefield
We consider perturbations δc, δρ, δγ, u with respect to the reference medium defined by
ρ0, c0, γ0, and u0 = 0. The perturbations to the sources of excitation are described through
the perturbations to the source covariance,
M(r, ω) = M0(r, ω) + δM(r, ω), (3.17)
where
δM(r, ω) = E[S ∗0(r)δS (r
′) + δS ∗(r)S 0(r′)] = (r)M0(r, ω). (3.18)
Using the Born approximation up to first order, we write the wave field as
ψ(r, ω) = ψ0(r, ω) + δψ(r, ω), (3.19)
where the zeroth- and first-order wave fields are given by
L0[ψ0] = S 0, (3.20)
L0[δψ] = −δL[ψ0] + δS . (3.21)
The perturbed wave operator is
δL[ψ0] = −δk2ψ0 − 2iω
ρ1/20 c0
ρ0u · ∇
 ψ0
ρ1/20 c0
 , (3.22)
with
c20 δk
2 = 2iω δγ − (ω2 + 2iωγ0)δc
2
c20
−
(
∂ω2c
∂ρ
)
0
δρ. (3.23)
In terms of the Green’s function G0, we have
ψ(r) = ψ0(r) +
∫
V
G0(r, rs)δk2(rs)ψ0(rs)drs +
∫
V
G0(r, s)δS (s)ds
+ 2iω
∫
V
ρ0(rs)u0(rs) · ∇
 G0(r, rs)
ρ1/20 (rs)c0(rs)
 ψ0(rs)
ρ1/20 (rs)c0(rs)
drs. (3.24)
where the scattering location rs spans the entire volume V .
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3.5.2 Perturbations to the PB integral
For convenience, we introduce the source kernels
Kα(x, s, A) =
∫
A
[G(r, s)∂nHα(r, x) − Hα(r, x)∂nG(r, s)]dr , (3.25)
such that the PB integral is given by
Φα(x, A) =
∫
V
Kα(x, s, A)S (s)ds. (3.26)
We denote by Kα,0 the source kernel in the reference medium (when G is replaced by G0).
Replacing the wavefield by its first order expansion (Eq. (3.24)) in the definition of
the PB integral (Eq. (4.1)), one obtains
Φα(x, A) = Φα,0(x, A) + δΦα(x, A), (3.27)
where Φα,0 is the value for the reference medium and δΦα is due to perturbations in the
medium:
δΦα(x, A) =
∫
V
δKα(x, s, A)S (s)ds +
∫
V
Kα,0(x, s, A)δS (s)ds, (3.28)
where
δKα(x, s, A) =
∫
V
Kα,0(x, rs, A)δk2(rs)G0(rs, s)drs
+ 2iω
∫
V
Kα,0(x, rs, A)
ρ1/20 (rs)c0(rs)
ρ0u0 · ∇
 G0(rs, s)
ρ1/20 (rs)c0(rs)
 drs. (3.29)
3.5.3 Perturbations to the image intensity
To first order, we write the holographic image intensity in the form
Iαβ(x, A, A′) = Iαβ,0(x, A, A′) + δIαβ(x, A, A′). (3.30)
The expectation values of the zeroth- and first-order image intensities are
E[Iαβ,0(x, A, A′)] =
∫
V
K∗α,0(x, s, A)Kβ,0(x, s, A
′)M0(s)ds, (3.31)
E[δIαβ(x, A, A′)] =
∫
V
K∗α,0(x, s, A)δKβ(x, s, A
′)M0(s)ds
+
∫
V
δK∗α(x, s, A)Kβ,0(x, s, A
′)M0(s)ds
+
∫
V
K∗α,0(x, s, A)Kβ,0(x, s, A
′)(s)M0(s)ds. (3.32)
Using the definition of the source kernels, we obtain
E[Iαβ,0(x, A, A′)] = 〈〈C0(r, r′)〉〉αβ(x, A, A′), (3.33)
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where
C0(r, r′) =
∫
V
G∗0(r, s)G0(r
′, s)M0(s)ds (3.34)
is the expectation value of the cross-covariance function and, for any function F(r, r′), the
double brackets mean
〈〈F(r, r′)〉〉αβ(x, A, A′) =∫
A
dr
∫
A′
dr′
[
∂nH∗α(r, x)F(r, r
′)∂n′Hβ(r′, x)
− H∗α(r, x)∂nF(r, r′)∂n′Hβ(r′, x)
− ∂nH∗α(r, x)∂nF(r, r′)Hβ(r′, x)
+ H∗α(r, x) ∂n∂n′F(r, r
′) Hβ(r′, x)
]
. (3.35)
The perturbation to the image intensity is given by
E[δIαβ(x, A, A′)] =
∫
V
(s)K αβ(x, s, A, A′) ds
+
∫
V
(
δk2∗(rs)K kαβ(x, rs, A, A′) + δk2(rs)K k∗βα(x, rs, A′, A)
)
drs
+ 2iω
∫
V
u(rs) ·
(
Kuαβ(x, rs, A, A′) −Ku∗βα(x, rs, A′, A)
)
drs, (3.36)
where
K αβ(x, s, A, A′) = M0(s)
〈〈
G∗0(r, s)G0(r
′, s)
〉〉
αβ (x, A, A
′), (3.37)
K kαβ(x, rs, A, A′) =
〈〈
C0(rs, r′)G∗0(r, rs)
〉〉
αβ (x, A, A
′), (3.38)
Kuαβ(x, rs, A, A′) =〈〈
∇
(
C0(rs, r′)
ρ0(rs)1/2c0(rs)
)
ρ0(rs)1/2G∗0(r, rs)
c0(rs)
〉〉
αβ
(x, A, A′). (3.39)
The kernels for δk2 and δk2∗ can be combined using Eq. (3.23) to obtain kernels for
sound-speed K cαβ, density Kραβ and attenuation Kγαβ. For example,
E[δIαβ(x, A, A′)] =
∫
V
δc(rs)K cαβ(x, rs, A, A′) drs (3.40)
with
K cαβ(x, rs, A, A′) = −
2(ω2 − 2iωγ)
c30(rs)
K kαβ(x, rs, A, A′)
− 2(ω
2 + 2iωγ)
c30(rs)
K k∗βα(x, rs, A′, A). (3.41)
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3.5.4 Choice of the source covariance
In order to be able to compute the above kernels, one still need to choose the source co-
variance function M0 in order to define the reference cross-covariance C0 using Eq. (3.34).
One possibility is to place the sources at a single depth, a few hundred kilometers below
the solar surface.
Another possibility is to choose a source covariance of the form
M0(r, ω) = Π(ω)
γ(r, ω)
c20(r)
, (3.42)
where Π(ω) is the source power spectrum (see Gizon et al. 2017). This choice implies
C0(r, r′, ω) =
Π(ω)
2ω
Im G0(r′, r, ω) + surface term. (3.43)
The surface term depends on the boundary condition. It vanishes for a Dirichlet boundary
condition (free surface), while it remains for radiative boundary conditions (e.g. Som-
merfeld). Below the acoustic cutoff frequency, modes are trapped well below the obser-
vational and computational boundaries and the surface term is negligible. In this paper we
use Eq. (3.42) in the convection zone and switch off the sources above the photosphere.
By doing so, the surface term in Eq. (3.43) vanishes.
3.6 Noise
To compute the noise level, we compute the variance of the image intensity in the absence
of scatterers:
Var[Iαβ,0(x)] = Var
[∫
K∗α,0(x, s)Kβ,0(x, s
′)S ∗(s)S (s′)dsds′
]
=
∫
V4
K∗α,0(x, s1)Kβ,0(x, s
′
1)Kα,0(x, s2)K
∗
β,0(x, s
′
2)
× M4(s1, s′1, s2, s′2) ds1ds′1ds2ds′2
−
∣∣∣∣∣∫
V2
K∗α,0(x, s)Kβ,0(x, s
′)E
[
S ∗(s)S (s′)
]
dsds′
∣∣∣∣∣2 , (3.44)
where
M4(s1, s′1, s2, s
′
2) = E
[
S ∗(s1)S (s′1)S (s2)S
∗(s′2)
]
. (3.45)
Under the (very reasonable) assumption that S is a realization drawn from a Gaussian
random process, the fourth-order moment is the sum of products of the second-order
moments:
M4(s1, s′1, s2, s
′
2) = E
[
S ∗(s1)S (s′1)
]
E
[
S (s2)S ∗(s′2)
]
+ E [S ∗(s1)S (s2)]E
[
S (s′1)S
∗(s′2)
]
+ E
[
S ∗(s1)S ∗(s′2)
]
E
[
S (s2)S (s′1)
]
. (3.46)
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The first term in M4 cancels out the squared term in Eq. (3.44). The third term is zero as
the frequencies are uncorrelated. Thus,
Var[Iαβ,0(x)] =
∫
V4
K∗α,0(x, s1)Kβ,0(x, s
′
1)Kα,0(x, s2)K
∗
β,0(x, s
′
2)
× E [S ∗(s1)S (s2)]E [S (s′1)S ∗(s′2)] ds1ds′1ds2ds′2
=
∫
V
|Kα,0(x, s)|2M(s)ds
∫
V
|Kβ,0(x, s)|2M(s)ds
= E[Iα,0(x)]E[Iβ,0(x)]. (3.47)
When α = β, the standard deviation of Iα,0 is equal to its expectation value. This is
because the probability density function of Iα,0 is a χ2 with two degrees of freedom, i.e.
an exponential distribution.
3.7 Average over frequencies
In order to increase the signal-to-noise ratio, one usually averages the image intensity
over a range of frequencies [ω0 − ∆ω/2, ω0 + ∆ω/2]. For an observation duration T , this
interval will contain N = ∆ωT/2pi independent frequencies.
The frequency-averaged perturbation to the image intensity (i.e. the signal) is denoted
by
〈δIαβ(x)〉 = 1N
N∑
i=1
δIαβ(x, ωi). (3.48)
The variance of the noise in the average image intensity is then given by
Var
〈
Iαβ,0(x)
〉
= Var
 1N
N∑
i=1
Iαβ,0(x, ωi)
 (3.49)
=
1
N2
N∑
i=1
Var Iαβ,0(x, ωi) (3.50)
=
1
N
〈
Var Iαβ,0(x)
〉
, (3.51)
since the noise in the data at different frequencies is uncorrelated.
The expected signal-to-noise ratio is thus
SNR(x) =
∣∣∣E〈δIαβ(x)〉∣∣∣√
Var〈Iαβ,0(x)〉
=
√
N
∣∣∣E〈δIαβ(x)〉∣∣∣√〈E[Iα,0(x)]E[Iβ,0(x)]〉 . (3.52)
The number of available frequencies N within a fixed frequency band ∆ω is proportional
to the observation duration T , hence the noise level goes like T−1/2. Provided that the
frequency interval ∆ω is small with respect to the variations of the signal, then the signal-
to-noise ratio will increase like T 1/2.
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Figure 3.2: Meridional slice through the sound-speed kernel K cαβ(x, rs) computed in
Model S at a single frequency of 3 mHz, in units of 10−34 kg m−3 s−3. Both the real
(left panel) and imaginary (right panel) parts of the kernel are shown. The scatterer at
zs = 0.7 R is indicated by the crosses. The observation pupil P is a polar cap of full
angular size 120◦. Notice the ghost values at the antipode result from the reflection of
waves at the surface due to the rapid drop of the density.
3.8 Example computations
In order to illustrate the theory, we compute holographic images in the presence of sound-
speed perturbations at different depths and calculate the corresponding signal-to-noise
ratios.
3.8.1 Reference Green’s function
The main input quantity required to compute PB integrals is the reference Green’s func-
tion (Eq. 3.10). Here it is computed in the frequency domain using the spherically-
symmetric standard solar Model S (Christensen-Dalsgaard et al. 1996). The wave attenu-
ation model is taken from Gizon et al. (2017). Below 5.3 mHz, we have γ = γ0 |ω/ω0|5.77,
where γ0/2pi = 4.29 µHz and ω0/2pi = 3 mHz. Above 5.3 mHz, γ/2pi = 125 µHz is kept
constant. The radiation boundary condition defined by Eq. (3.7) is applied at the com-
putational boundary located 500 km above the solar surface with the local wavenumber
kn (where H = 105 km). The wave equation is solved using the finite-element solver
Montjoie (Duruflé 2006, Gizon et al. 2017).
The reference Green’s function only depends on the angular distance Θ between the
two points at radii r and r′. To speed up the computations, we place one of the points
on the polar axis and compute the axisymmetric component of the Green’s function
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Figure 3.3: Cut along the z axis through the sound-speed kernel from Fig. 3.2. The
scatterer is at zs = 0.7 R.
Gm=0l (r, r
′, ω) at each spherical harmonic degree l, to obtain:
G0(r, r′, ω) '
lmax∑
l=0
Gm=0l (r, r
′, ω)Pl(cos Θ), (3.53)
where we use an approximate equality because the sum is truncated at lmax = 300.
3.8.2 Sound-speed kernels
The sound-speed kernel is computed using Eq. (3.41) and the definition ofK kαβ. One needs
to evaluate two surface integrals, which can be computed analytically via a decomposition
of all quantities into spherical harmonic coefficients (Fournier et al. 2018).
Figure 3.2 shows a sound-speed kernelK cαβ at a single frequency of 3 mHz. The pupil
P is a polar cap of angular size 120◦ and the wave propagators Hα and Hβ are given in
Table 3.2. As expected the kernel peaks around the scatterer position at z = 0.7R. A
cut along the polar axis is shown in Fig. 3.3; the kernel width is about half the local
wavelength. In addition, we find ghost values at the antipode.
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Figure 3.4: Left panel: Image intensity
∣∣∣E[δIαβ(x)]∣∣∣ at a single frequency of 3 mHz, dis-
played along the z-axis (at x = zzˆ). The sound-speed perturbation (see Eq. 3.54) is placed
at two different positions along the z-axis, zs = 0.7 R (red) and 0.9 R (blue). The stan-
dard deviation of the noise
√
Var〈Iαβ,0(x)〉 is given by the black curve. Note that the jagged
aspect of the curves is not due to numerical inaccuracies. Right panel: Image intensity
and noise level after averaging over 101 frequencies uniformly distributed in the interval
from 2.75 to 3.25 mHz. The frequency resolution is 5 µHz, implying an observation du-
ration of T = 55.5 h. A horizontal line segment is plotted at each depth to mark half of
the local wavelength.
3.8.3 Signal
At position rs = zszˆ along the polar axis, we consider a localized increase in sound speed
of 10% over a volume Vs, such that the signal (Eq. 3.40) may be written as
E[δIαβ(x)] ' 0.1Vs c0(rs)K cαβ(x, rs). (3.54)
The volume Vs is that of a ball of diameter λ(rs)/2 = pi/[Re k(rs, ω0)] with ω0/2pi =
3 mHz. This is an approximate but much faster way to compute the effect of a pertur-
bation of volume comparable to the highest possible holographic resolution. It has been
checked that the answer does not differ significantly from the one obtained by integrating
numerically the kernel over the ball of volume Vs. For reference, note that λ/2 = 38 Mm
at r = 0.7 R and λ/2 = 20 Mm at r = 0.9 R.
Figure 3.4 shows the signal
∣∣∣E [δIαβ(x)]∣∣∣ for sound-speed perturbations located at two
different depths zs = 0.7 R (red curve) and 0.9 R (blue curve). The pupil P and the
wave propagators are the same as those of Fig. 3.2. The left panel of Fig. 3.4 shows the
results at a single frequency of 3 mHz. With only one frequency, the signal peaks close
to the scattering location but the spatial resolution is relatively poor, with a ghost on the
far side. To demonstrate the benefits of averaging, the right panel shows the signal after
averaging over 101 frequencies uniformly distributed in the interval 2.75 – 3.25 mHz. The
frequency resolution 5 µHz corresponds to an observation duration T = 55.5 h. Averaging
over frequencies improves the spatial resolution which approaches λ/2 and the ghost is
suppressed. A horizontal line segment is plotted on the right panel at each depth to mark
half the local wavelength.
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Figure 3.5: Radial and horizontal widths of the frequency-averaged sound-speed kernel
|〈K c〉| as functions of scattering position. These are close to half the local wavelength at
3 mHz (dotted line).
As seen in Fig. 3.5 the spatial extent of the frequency-averaged kernels is approxi-
mately λ/2 in both the radial and horizontal directions, for all scattering points in the
range 0.6 < zs/R < 0.98. Thus helioseismic holography is a diffraction-limited imaging
technique as suggested by Lindsey and Braun (1997).
3.8.4 Noise
The noise is obtained from Eq. (3.47), which requires the computation of E[Iα,0] and
E[Iβ,0] using Eq. (3.33). The reference cross-covariance C0 is precomputed. The double
surface integral is evaluated in a similar way as for the kernel computations.
For a frequency of 3 mHz the left panel of Fig. 3.4 (black curve) shows the noise
level, together with the signal described in the previous section. The jagged aspect of the
noise variations with position is not due to numerical inaccuracies but to the details of the
Green’s function. As shown in the right panel of Fig. 3.4, the noise level goes down by a
factor of about ten after averaging over 101 frequencies, and varies more smoothly with
depth.
Braun and Birch (2008a) studied the noise level in observed travel times measured
from LB holography. These measurements, however, include contributions from super-
granulation and so are not directly comparable to what is shown in Fig. 3.4.
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Figure 3.6: Signal-to-noise ratio in PB image intensity for a 10% sound-speed pertur-
bation over a volume Vs(zs) placed at zs along the polar axis (Eq. 3.54). The results are
shown at a single frequency of 3 mHz (solid) and after averaging over 101 frequencies in
the interval from 2.75 to 3.25 mHz (dashed).
3.8.5 Signal-to-noise ratio
Figure 3.6 shows the signal-to-noise ratio as a function of scatterer location. We recall that
the sound-speed perturbation is specified by Eq. (3.54) and is the same as in Sect. 3.8.3.
The results are shown at a single frequency of 3 mHz and after averaging over 101 fre-
quencies in the interval 2.75 – 3.25 mHz. After averaging, the signal-to-noise ratio is
above 2 and is roughly independent of depth in the range 0.6 < zs/R < 0.98 for a pupil
of angular size 120◦. Note that the ghost at −zs is much below the noise level.
We find that both signal and noise vary rapidly with frequency for deep located sound-
speed scatterers. Figure 3.7 shows an example of a sound-speed scatterer located at zs =
0.7 R. Strong frequency variations in signal and noise are evident for frequencies below
3.5 mHz. This can be understood as follows. Low-frequency modes have narrowly-
peaked power spectra due to their long lifetimes. At these low frequencies, the amplitude
of the kernel function and the noise will change rapidly when the frequency coincides with
a particular mode frequency. Additionally, the kernel function may not peak exactly at the
sound-speed scatterer position when only a few modes contribute to the kernel function.
Figure 3.8 shows the signal-to-noise ratio as a function of frequency for a sound-speed
scatterer located at zs = 0.9 R. For this target depth closer to the surface, the rapid
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variations disappear above 3 mHz, due to the larger contribution of high-degree modes
which are not resolved in frequency space because of their short lifetimes.
The kernel function at frequency 2.4000 mHz for zs = 0.7 R is shown in Fig. 3.9;
this particular frequency corresponds to the peak marked in Fig. 3.7 with a red dot. We
see that this kernel is much less localized around the scattering point than the kernel at 3
mHz (Fig. 3.2).
3.9 Conclusion
We derived a framework for computing the expected signal and the noise level in PB he-
lioseismic holography. The same framework could be used to interpret LB data, including
phase-sensitive data.
PB holography requires knowledge of the wave field, ψ = ρ1/2c2∇ · ξ, and its normal
derivative, ∂nψ, on the solar surface. With this definition of ψ, the Green’s function used
in the definition of PB integrals solves a well-defined Helmholtz-like equation, which
we solve numerically (Gizon et al. 2017). The need for finite-frequency Green’s func-
tions was demonstrated in LB holography by Pérez Hernández and González Hernández
(2010). In the numerical examples shown in the previous section, we assumed that we
have full knowledge of ∂nψ on the surface. In practice, we do not observe directly the
normal derivative of the wave field; it must be approximated. According to complemen-
tary simulations (not shown here), this can be achieved by using the approximate outgoing
radiation condition ∂nψ = iknψ derived by Barucq et al. (2018).
We found that, for a sufficiently large pupil, scatterers can be imaged at a resolution
that is very close to half the local wavelength, λ/2. This confirms the claim by Lind-
sey and Braun (1997, 2000a) that helioseismic holography is diffraction-limited. In that
sense, helioseismic holography is superior to deep-focusing time-distance helioseismol-
ogy, which gives lower spatial resolution (Munk 2001, Pourabdian et al. 2018).
For large pupils, we found that the signal-to-noise ratio in PB images does not vary
much with depth in the convection zone, when a perturbation in sound-speed fills a volume
corresponding to the holographic resolution.
Averaging over frequencies improves the signal-to-noise ratio. For a scatterer at the
bottom of the convection zone, the signal and the noise vary smoothly with frequency
above 4 mHz (see Fig. 3.7). At lower frequencies, however, the signal varies rapidly with
frequency (due to contributions from individual long-lived p modes) and it is not obvious
how the signal should be averaged. A specific analysis of low-frequency data is required,
especially for deep scatterers.
We found that the signal-to-noise ratio in PB holography is maximum around 3.7 mHz
for zs = 0.7 R (resp. at 4.3 mHz for zs = 0.9 R). There is no indication in our calcu-
lations that there is a benefit in using the frequencies above the acoustic cutoff (unlike
predictions by Ruzmaikin and Lindsey 2003, for phase sensitive holography). The signal-
to-noise ratio drops to very small values above 5 mHz. One may ask if this drop is some-
how compensated by the increase in spatial resolution at high frequencies. The answer
is negative. Our calculations indicate that noise has a horizontal correlation length that is
about half the local wavelength. Far too few independent measurements are available at
high frequencies to recover a decent signal-to-noise ratio by horizontal spatial averaging.
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Figure 3.7: Signal, noise, and signal-to-noise ratio as function of frequency for a sound-
speed scatterer located at zs = 0.7 R. Here we show the result for a frequency range of
2 to 7 mHz. The rapid changes are not due to numerical inaccuracies. The red dots mark
the spikes in the signal and the noise at 2.4000 mHz.
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Figure 3.8: Signal-to-noise ratio as in Fig. 3.7, but for a sound-speed scatterer located
closer to the surface at zs = 0.9 R.
Figure 3.9: Meridional slice of the sound-speed kernel K cαβ with zs = 0.7 R computed
at the low frequency of 2.4000 mHz, which corresponds to the spike with a red dot in
Fig. 3.7. This kernel displays oscillations and is not peaked as much as the 3-mHz kernel
from Fig. 3.2.
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3.9 Conclusion
Our synthetic data do not contain a convective background. The effect of this back-
ground on signal-to-noise ratios in holography should be studied. Future work should
also investigate the performance of PB holography for target locations that are away from
the axis of the pupil, especially for farside imaging applications.
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4 Imaging solar subsurface flows using
diffraction-limited seismic
holography
4.1 Abstract
Helioseismic holography enables us to probe flows at targeted locations in the solar in-
terior. Traditionally, directional phase shifts are measured using pupils with a quadrant
geometry (method #1). Another possibility is to correlate the reconstructed wave field
at two nearby locations in the interior without changing the pupil (method #2). In this
chapter we implement both methods using simulated data and compare them. In doing
so we use realistic numerical Green’s functions for a standard solar model. The spa-
tial resolution and signal-to-noise ratio is estimated for each method and each horizontal
flow component at different depths in the convection zone. We find that method #2 is
consistently superior to method #1 as it reaches the optimal spatial resolution (half the
wavelength) and it has a higher signal-to-noise ratio. Furthermore method #2 is much
less subject to bias due to leakage from the solar surface. Method #2 is very elegant and
promising: we intend to use it in future applications of helioseismic holography to image
solar subsurface flows.
4.2 Introduction
Understanding the structure and evolution of the Sun’s large-scale flows is of great im-
portance for solving the solar dynamo problem, specifically, where and how the magnetic
field is generated and maintained in the Sun (see, e.g., Charbonneau 2014, Cameron et al.
2017). Helioseismology, which aims at deciphering the Sun’s three-dimensional structure
information encoded in the acoustic and surface gravity waves observed at the surface,
is the only technique that can probe the Sun’s internal flows (see, e.g., Gizon and Birch
2005, Basu 2016). Despite the huge quantity of helioseismic data obatained in the last two
decades, the structure and evolution of the large-scale flows in the solar interior remain
elusive. An improvement of flow-measuring strategies to interpret helioseismic measure-
ments is needed in order to deal with inherent difficulties of the Sun such as the strong
stratification near the solar surface or the high noise level due to granulation.
Helioseismic holography is one branch of helioseismology. These methods numeri-
cally focuses the observed acoustic waves into any desired location of the Sun to study
53
4 Imaging solar subsurface flows using diffraction-limited seismic holography
the structure therein (see, e.g., Lindsey and Braun 1997, Yang 2018, Gizon et al. 2018).
Two different strategies have been proposed to probe horizontal flows in the solar interior:
#1 Lateral-vantage holography uses different pupil geometries (see, e.g., Lindsey and
Braun 2004), such as quadrant pairs (Braun et al. 2004), to estimate forward and back-
ward propagating waves at a given target location. The difference between time lags of
waves traveling from the two pupils to the target point is sensitive to horizontal flows
near the target location, hence a good diagnostic of subsurface horizontal flows (also see
Section 4.4). Lateral-vantage holography has been used to measure both the small-scale
(see, e.g., Braun et al. 2004, 2007) and large-scale (Braun and Birch 2008a) subsurface
flows in the Sun.
#2 Based on an analogy with time-distance helioseismology, Lindsey and Braun (1997)
proposed to correlate two nearby points of estimated waves from holography to probe
flows along the direction connecting the two points. This holographic correlation should
behave in the same manner as the covariance function of waves, therefore is an extension
of time-distance helioseismology in three dimensions (see Section 4.5).
Lindsey and Braun (1997) predicted that method #2, hereafter the holographic cor-
relation, would better measure flows than the lateral-vantage holography. However, the
sensitivity of this measurement to flows has never been examined theoretically nor tested
on observations. This article compares flow-sensitivity kernels and signal-to-noise ratios
between the two flow-measuring strategies following the framework developed by Gizon
et al. (2018) to define the signal and noise.
4.3 Helioseismic holography to measure flows
The Porter-Bojarski integral is defined as (Porter and Devaney 1982),
Φα(r, P) :=
∫
P
[ψ(r′)∂nHα(r′, r) − Hα(r′, r)∂nψ(r′)]dr′, (4.1)
where P denotes a pupil of the partially visible solar surface, Hα an acoustic wave prop-
agator and ψ the wavefield. Different choices of wave propagators and pupils give sensi-
tivity to different quantities (see Table 2 in Gizon et al. 2018).
Following Gizon et al. (2018), we suppose that the wavefield ψ satisfies a Helmholtz-
like equation,
− (∆ + k2)ψ − 2iω
ρ1/2c
ρu · ∇
(
ψ
ρ1/2c
)
= s, (4.2)
where u is a steady flow, and s is a source term that describes the stochastic excitation of
the waves. This equation is solved at constant frequency ω in the computational domain
V , with the reference density ρ and sound-speed c taken from a standard solar model. The
local wavenumber k(r, ω) is defined as
k2 =
(ω2 + 2iωγ) − ω2c
c2
, ω2c = ρ
1/2c2∆(ρ−1/2), (4.3)
where r denotes the spatial position (r ∈ V), γ(ω) is the damping rate that describes
wave attenuation, and ωc(r) is the acoustic cut-off frequency. We solve Eq. 4.2 using
the same damping rate and source-covariance function as in Gizon et al. (2018), and the
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Sommerfeld-like radiation boundary condition (Atmo RBC 1) derived by Barucq et al.
(2018).
We generalize the definition of holographic image intensity from Gizon et al. (2018)
by allowing different focal points r and r′ for the two PB integrals Φα and Φβ,
Iαβ(r, r′, P, P′) = Φ∗α(r, P)Φβ(r′, P
′). (4.4)
Separating the two focal points was first suggested by Lindsey and Braun (1997) but never
studied.
Using the Born approximation, we decompose the holographic image intensity as the
sum of a reference in a medium devoid of scatterers Iαβ,0 and a small perturbation due to
scatterers δIαβ. The expectation value of δIαβ due to scatterers can be formulated as
E[δIαβ] =
∫
KurαβurdV +
∫
KuθαβuθdV +
∫
KuφαβuφdV
+
∫
KcαβδcdV +
∫
KραβδρdV, (4.5)
where Kurαβ, K
uθ
αβ, K
uφ
αβ, K
c
αβ, and K
ρ
αβ are sensitivity kernel functions of ur, uθ, uφ , δc, and
δρ, whereas their expressions can be obtained following the derivations from Gizon et al.
(2018).
The holographic measurement is sensitive to all scatterers and it is desirable to dis-
tinguish for example the flow and sound-speed contributions. This distinction is possible
as flows are directional perturbations contrary to sound speed. In the following, we ex-
amine two measurements sensitive to flows while reducing the contributions from non-
directional perturbations.
4.4 Quadrant geometry
Lateral-vantage holography enhances contributions from flows by using two different
pupils for the two PB integrals Φα and Φβ. The pupil geometries are designed using
the ray theory of wave propagation (see Figure 1 in Gizon et al. (2018) and the left panels
of Fig. 4.1). For example, pupils in the east and west directions are chosen in order to be
sensitive to the longitudinal component of the flow. In order to remove contributions from
non-directional scatterers, we consider a difference between two measurements,
ILVαβ (r,Q1,Q2) = δIαβ(r, r,Q1,Q2) − δIαβ(r, r,Q2,Q1) (4.6)
where the second measurement is done by flipping the two pupils. Note that the focal
point is chosen to be same for the two PB integrals Φα and Φβ.
4.5 Holographic correlation
An alternative way to enhance the contribution from flows is to use two different focal
points r1 and r2 for the two PB integrals Φα and Φβ (see discussions in Lindsey and
Braun 1997). The holographic correlation Iαβ(r1, r2, P, P) is sensitive to flows between the
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Figure 4.1: Kernel function Kuφαβ computed with the pupil geometry shown on the left
panels that targets a flow along the φ direction at the bottom of convection zone (location
r marked by a blue dot). The modulus of the kernel function is shown after averaging
over 101 frequencies equally spaced from 2.75 to 3.25 mHz. Furthermore, the results are
divided by the expectation value of the reference auto-correlation function of observed
waves at 3 mHz, such that the holographic image intensity is dimensionless. The top
panel shows a projection of the kernel on the sphere r = 0.7 R (middle) and a 2D slice
along the central meridian (right), whereas the bottom panel shows a 2D slice through the
equator (middle) with a zoom near the surface (marked by the rectangle) shown on the
right. The units are 10−4 s Mm−4.
two focal points r1 and r2. This is a direct analogy with time-distance helioseismology
but in the three-dimensional space. Specifically, Iαβ(r1, r2, P, P) is an estimation of the
cross-covariance function C(r1, r2) between the two focal points r1 and r2, and hence
Iαβ(r1, r2, P, P) is sensitive to scatterers in the same manner as δC(r1, r2). The pupil can
simply be chosen as a cap of angular size 120◦ (the pole of the cap is at the disc center)
so that all the available data are used. As this measurement is sensitive to all scatterers,
we define a difference measurement
IHCαβ (r,∆r, P) = δIαβ(r1, r2, P, P) − δIαβ(r2, r1, P, P), (4.7)
where r1 = r − ∆r2 and r2 = r +
∆r
2
. (4.8)
Hence, IHCαβ (r,∆r, P) should be mostly sensitive to flows along the direction ∆r = r2 − r1.
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Figure 4.2: Same as Figure 4.1, but for the holographic correlation. The two focal points
r1 and r2 are separated by half the local wavelength with locations indicated in the geom-
etry plot on the left (blue and green dots). Compared to Fig. 4.1, the kernel function is
more compact and suffers less contribution from the surface.
4.6 Example computations
4.6.1 Zonal flow
Figure 4.1 shows a flow kernel Kuφαβ for the lateral-vantage holography that averaged over
101 equally spaced frequencies from 2.75 to 3.25 mHz targeting a longitudinal flow at
0.7 R. The pupils and wave propagators are taken from Table 2 of Gizon et al. (2018).
We find thatKuφαβ is sensitive to flows near the focal point with a longitudinal resolution of
1.5 times the local wavelength and a latitudinal and radial resolution of half a wavelength.
In this setup, the longitudinal resolution is far from optimal. However, some sensitivity
of around 10% of the maximum value is observed between the target location and the
surface and a strong contribution with an amplitude 1.5 times larger than at the target
location comes from a thin layer slightly below the surface. All these artifacts could lead
to a misinterpretation of the data.
Figure 4.2 shows an example flow kernelKuφαβ for the holographic correlation targeting
a depth of 0.7 R. The two focal points r1 and r2 are separated by half the local wavelength
and chosen to be along the φ direction such that the measurement is sensitive to uφ. The
wave propagators and the frequency range are the same as in Fig. 4.1. Compared to
lateral-vantage holography, the kernel is more localized and the contribution from the
near-surface region is significantly reduced (20 % of the value at the target location).
Figure 4.3 shows a zoom of the kernel function Kuφαβ shown in Fig. 4.2 around the
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Figure 4.3: Zoom around the target location of the kernel function for uφ shown in Fig. 4.2.
The values are normalized to the maximum value of the kernel function. The blue and
green dots mark the location of the two focal points. The circle has a diameter of half the
local wavelength.
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Figure 4.4: 1D slices of the kernel functions for uφ along the φ coordinate using the
geometry shown in Fig. 4.2. The separation distance between the two focal points r1
and r2 is chosen to be a quarter (blue), half (red), one (green), and two (black) local
wavelengths (λ). The red horizontal line is of size λ/2, which is roughly the full width at
half maximum of the kernel when the two focal points are separated by λ/2.
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target location. We find that the kernel has a spatial resolution of roughly half the local
wavelength along the radial and horizontal directions, which is the diffraction limit.
One would wonder what is the optimal separation distance between the two focal
points r1 and r2. Figure 4.4 shows 1D slices of the kernel Kuφαβ along the φ direction using
the geometry shown in Fig. 4.2 for different separation distances ||∆r|| between the two
focal points r1 and r2. The kernel has the highest spatial resolution when the separation
||∆r|| is λ/2, whereas ||∆r|| = λ/4 gives a slightly less compact kernel. When ||∆r|| is larger
than λ, the kernel becomes most sensitive at the two focal points and is much smaller at
the target location. Therefore, we fix a separation distance of λ/2 between the two focal
points in this study.
4.6.2 Meridional flow
Figure 4.5 shows examples of kernel functions targeting flows along the latitudinal direc-
tion using the holographic correlation. The two focal points are placed along the θ direc-
tion at r = 0.7 R on the central meridian, and are separated by half the local wavelength.
The left and middle panels show 2D slices of the kernel along the central meridian that
target flows at latitude 30 and 60 degrees. The right panel shows 1D slices of these kernel
functions along the φ direction, with the value normalized by their respective maxima.
The localization of the kernel is as good at 30◦ latitude as at the equator but it becomes
worse at 60◦. The kernels look very similar up to a latitude at 50◦ (not shown here), i.e.,
as long as the two focal points have their latitude in the pupil range. The signal-to-noise
ratio is roughly the same for all target locations up to 50◦ latitude but becomes about three
times smaller at 60 degrees.
Using lateral vantage holography, one would need to readjust pupils in order to tar-
get the correct latitude while the pupil is fixed to the full observational domain for the
holographic correlation. This last method is thus more convenient.
4.6.3 Signal-to-noise ratio
A comparison of the kernel function between the two flow measuring strategies shows that
the holographic correlation has a better spatial resolution than lateral-vantage holography.
However, one needs to make sure that such a localized kernel is not at the cost of an
increase of the noise level. In the following, we compare the signal-to-noise ratio of these
two methods.
Following Gizon et al. (2018), we define the signal to be expectation values of Equa-
tion 4.6 and 4.7 due to flows, whereas the (realization) noise is due to the random wave
excitation. In practice, holographic measurements are averaged over a range of frequen-
cies [ω0 − ∆ω/2, ω0 + ∆ω/2] to increase the signal-to-noise ratio. For an observation
duration T , this interval contains N = T∆ω/2pi independent frequencies. We define the
signal-to-noise ratio as
SNRLV/HC =
∣∣∣∣E 〈ILV/HCαβ 〉∣∣∣∣√
Var
〈
ILV/HCαβ,0
〉 =
√
N
∣∣∣∣E 〈ILV/HCαβ 〉∣∣∣∣√〈
VarILV/HCαβ,0
〉 , (4.9)
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Figure 4.5: Kernel functions Kuθαβ for the holographic correlation targeting a flow uθ at
0.7 R on the central meridian at a latitude of 30◦ (top left) and 60◦ (top right). The target
location is indicated by the black cross. The bottom panel shows normalized 1D slices of
the kernel functions along the radial direction and passing through the target location at
latitudes of 0 (black), 30 (red) and 60 (green) degrees. The horizontal line marks half the
local wavelength.
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Figure 4.6: Signal-to-noise ratio as a function of depth for the two flow measuring strate-
gies using the pupil geometries shown in Figs. 4.1 and 4.2. The signal is the longitudinal
flow uφ defined by Eq. 4.11.
where the bracket denotes averaging of a given function F in frequency
〈F〉 = 1
N
N∑
i=1
F(ωi). (4.10)
The expression for the variance of the two measurements in the absence of scatterers
can be obtained following derivations from Gizon et al. (2018). Note that
√
N on the
top of Equation (4.9) is due to the assumption that the noise at different frequencies is
uncorrelated.
Figure 4.6 shows the signal-to-noise ratio (SNR) for the two strategies, for a localized
longitudinal flow within a ball of diameter half the local wavelength. The amplitude of
the flow is chosen to be 10% of the background sound-speed. The ball is placed at rs at
different depths along the radial direction centered at the disc center. The signal is then
approximated by∣∣∣∣E 〈ILV/HCαβ (r)〉∣∣∣∣ ' 0.1c(rs)V(rs) ∣∣∣∣KLV/HC,uφαβ (r, rs)∣∣∣∣ , V(rs) = 4pi3
(
λ(rs)
4
)3
. (4.11)
The pupil geometries of the two methods are the same as in Fig. 4.1 (quadrant geometry)
and 4.2 (holographic correlation), with the center of the two focal points located at rs. The
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holographic correlation possesses a SNR that is almost independent of depth and that is
much higher than the SNR obtained using lateral-vantage holography. Thereby the better
localization of the new holographic technique seen in Sect. 4.5 is not obtained at the price
of a higher noise level but constitutes a real improvement of the measurement strategy.
quadrant geometry
holographic correlation
Figure 4.7: Sensitivity kernels for uθ (left), ur (middle), and c (right) with a measurement
designed to be sensitive to uφ (cross-talk kernels). The kernels are projected on the sphere
of radius r = 0.7 R and normalized to the maximum value ofKuφαβ(r, rs) shown in Figs. 4.1
(quadrant geometry) and 4.2 (holographic correlation). All kernel functions shown here
are anti-symmetric with respect to the central meridian.
4.7 Discussion
4.7.1 Cross-talk between zonal flow and other scatterers
The measurement methods shown here aim at measuring flows in a particular direction.
However, they may suffer from contributions due to flows in the other directions and
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sound-speed inhomogeneities.
Figure 4.7 shows kernel functions for uθ, ur, and c in the setups of Figs. 4.1 and
4.2 which were designed to be sensitive to uφ. For simplicity, we only show slices of a
projection on the sphere of radius r = 0.7 R. We find in both methods non-zero cross-
contributions from flows in the r and θ directions and sound-speed inhomogeneities, with
amplitudes up to 30% of the maximum of the kernel for uφ. Therefore, caution should be
taken in measuring subsurface flows. The kernel functions for undesired scatterers, how-
ever, are anti-symmetric with respect to the central meridian, which means that the cross-
contribution is zero in the case of symmetric scatterers. Additionally, for azimuthally
symmetric flows, an average of the measurements over different longitudes should reduce
the cross-contributions from undesired scatterers and increase the signal-to-noise ratio.
4.7.2 Outlook
We found that holographic correlation better probes solar subsurface flows than the lateral-
vantage helioseismology. Specifically, it possesses more compact kernel functions and
higher signal-to-noise ratio. Moreover, the measurement is more convenient as one does
not need to change the pupils when changing the target location.
The next step is to apply this method to helioseismic observations in order to probe
subsurface flows such as meridional circulation (Giles 2000, Liang et al. 2018b) or vorti-
cal flows (Langfellner et al. 2014). The current averaging schemes used in time-distance
helioseismology to average the cross-covariance function can be directly extended to the
three-dimensional space.
Furthermore, holographic measurements can be averaged over all longitudes to facil-
itate a direct comparison with global helioseismology as the same data are used. Such a
comparison will allow to test the two helioseismic techniques, in particular, a validation
of their treatments of the Sun’s super-adiabatic layer which cannot be modelled properly
at the moment.
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5 Future work
This dissertation developed the theoretical framework to evaluate signal and noise in he-
lioseismic holography. Modeling experiments were conducted by solving a Helmholtz-
like wave equation using the finite-element solver montjoie. The background coefficients
are taken from a standard solar model. Our computations revealed that the PB integral
is a better back-propagation method than the egression. Furthermore, the holographic
correlation was found to possess a higher spatial resolution and signal-to-noise ratio than
the quadrant geometry to measure the Sun’s subsurface flows. All these findings can po-
tentially improve the current imaging capability of the Sun’s internal structure, thereby
should be applied to helioseismic observations in future studies.
5.1 Far-side imaging
The framework developed in this dissertation can potentially improve far-side imaging,
and hence facilitate a more accurate forecast of the space weather. Addionally, an applica-
tion to far-side imaging is a good test of the new framework, since it is straightforward to
determine whether it improves the current imaging capability of helioseismic holography.
In the following, I list limitations and proposed improvements to the current far-side
technique:
1) The Green’s function used in current far-side imaging pipeline is based on the ray
theory of wave propagation, which is not valid for scatterers of size smaller than the first
Fresnel zone. Green’s functions that consider the finite wavelength of the waves should
be implemented, in order to resolve more accurately the Sun’s far-side structures with a
higher spatial resolution. Such Green’s functions can be obtained by solving a solar-like
wave equation using the montjoie solver.
2) The egression is the current back-propagation method used in helioseismic holog-
raphy. A replacement of the egression with the PB integral, which is a better back-
propagation technique, should better locate far-side located scatterers with higher signal-
to-noise ratios.
3) Far-side helioseismic measurements are very noisy, whereby the current pipeline
spatially averages the line-of-sight velocity field to boost signal-to-noise ratios. Such an
averaging process reduces the computation cost to compute holograms, as less amount
of data is transformed to the frequency space. However, it leads to loss of information
contained in the raw data. Future work should take advantage of the advance of modern
computational powers to compute holograms with all available data, and leave the aver-
aging of holograms as a final step if necessary. This will allow more freedom to examine
holographic measurements, which should improve its current imaging quality.
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4) The current far-side pipeline uses a two-skip Green’s function to propagate waves.
Zhao (2007) demonstrated that an inclusion of a three-skip Green’s function can increase
the signal-to-noise of far-side maps produced by time-distance helioseismology. Future
study should investigate the potential improvement of combining multiple-skip Green’s
functions to image far-side active regions.
5.2 Resolving solar internal flows at the diffraction limit
An important finding of this dissertation is that the holographic correlation can resolve the
Sun’s subsurface horizontal flows to a spatial scale of half the local wavelength, whereas
still possess higher signal-to-noise ratios than quadrant geometry. This means this new
technique will probe the Sun’s subsurface flows to the diffraction limit of acoustic waves,
which has never been achieved before, whereby will largely improve our understanding
of the structure and evolution of large-scale flows in the solar interior.
One potential application of the new flow-measuring strategy is to measure the Sun’s
rotation profile. The Sun’s rotation rate has been measured by global helioseismology of
its symmetric component of the two hemispheres. The PB holographic technique is able to
measure both the symmetric and anti-symmetric components of solar differential rotation
by averaging its measurements over all longitudes. This will help us to better understand
the asymmetry in the rotation (and zonal flows) of the two hemispheres (see, e.g., Lekshmi
et al. 2018). Furthermore, it will allow a search for variations of longitudinal flows below
the bottom of the convection zone, which is predicted by some hydrodynamic models to
maintain the present structure of the tachocline (see, e.g., Spiegel and Zahn 1992, Dikpati
and Gilman 1999).
Another application of the PB holographic technique is to probe the meridional circu-
lation in the Sun’s convection zone, which is crucial for some dynamo models to migrate
the magnetic flux to lower latitudes during the solar cycle. Meridional circulation also
redistributes the mass of the Sun, and hence its momentum, in the scale that is important
for understanding the driving mechanism of Sun’s differential rotation. Despite its im-
portance, however, meridional circulation is notoriously difficult to detect due to its small
amplitude in the solar interior, which is estimated to be a few m/s at the bottom of the
convection zone. The new flow-measuring strategy is much less susceptible to the noise
than the current holographic technique, therefore is our best chance to probe meridional
circulation in the solar interior. Furthermore, holographic measurements can be averaged
over different longitudes, depths, and latitudes to boost signal-to-noise ratios, whereas the
noise should decrease as square root of the number of uncorrelated measurements.
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Appendix

A Computing PB integrals in
spherical harmonic space
A.1 Notations
We use spherical coordinate r = (r, θ, φ) and we denote rˆ as the unit vector along the
direction of r.
A.2 Spherical harmonics
Spherical harmonics are defined as
Yml (θ, φ) = c
m
l P
m
l (cos θ) exp(imφ),
cml =
√
2l + 1
4pi
(l − m)!
(l + m)!
, (A.1)
where Pml is the associated Legendre polynomials with∫ 1
−1
dxPml (x)P
m
k (x) =
2(l + m)!
(2l + 1)(l − m)!δk,l. (A.2)
When m = 0, spherical harmonics are related to the normalized Legendre polynomials Pl
by
Y0l (θ, φ) =
√
1
2pi
Pl(cos θ). (A.3)
A.3 Rotating axis-symmetric functions with spherical har-
monics
For any function f (r, r′) that depends only on r, r′, and rˆ · rˆ′, it can be written into sums
of spherical harmonics
f (r, r′) =
∞∑
l=0
l∑
m=−l
Fml (r, r
′)Yml (rˆ
′). (A.4)
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When r is along the polar axis zˆ, f can be written as a sum of normalized Legendre
polynomials
f (r zˆ, r′) =
√
1
2pi
∞∑
l=0
Fl(r, r′)Pl(cos θ′). (A.5)
We note that the factor
√
1/2pi is added here such that Equation (A.5) is consistent with
Equation (A.4), which is due to the relation between spherical harmonics and normalized
Legendre function (see Equation A.3).
By using the rotation formula of spherical harmonics, Fml can be rewritten as
Fml (r, r
′) =
√
4pi
2l + 1
Fl(r, r′)Ym∗l (rˆ), (A.6)
and replacing Fml with the above formula, Equation (A.5) becomes
f (r, r′) =
∞∑
l=0
l∑
m=−l
√
4pi
2l + 1
Fl(r, r′)Ym∗l (rˆ)Yml (rˆ′). (A.7)
Equation (A.7) can be simplified using the addition theorem of spherical harmonics
Pl(cosα) =
√
8pi2
2l + 1
l∑
m=−l
Ym∗l (rˆ)Y
m
l (rˆ
′),
cosα = cos θ cos θ′ + cos(φ − φ′) sin θ sin θ′. (A.8)
It leads to
f (r, r′) =
√
1
2pi
∞∑
l=0
Fl(r, r′)Pl(cosα). (A.9)
A.4 Source-sensitivity kernel in spherical harmonic space
In this section, we compute the reference source-sensitivity kernel of the PB integral in
a medium devoid of sound-speed scatterers and flows with the Green’s function (and
wave propagator) excited by a source fixed along the polar axis. This is achieved by
projecting the Green’s function into spherical harmonic space and then rotating to the
desired location.
First, we rewrite the reference source-sensitivity kernel function [KPBA,0] (Eq. (3.25)) as
KPBA,0(r, rs) =
∮
∂
dr′wA(r′){G0(r′, rs)∂n′H0(r, r′) − H0(r, r′)∂n′G0(r′, rs)}, (A.10)
where r and rs are target and source locations, r′ is located at the solar surface ∂, and
wA is the window function that is equal to one within the pupil A and zero otherwise.
This form of the kernel function grants a general way of computing KPBA in the spherical
harmonic space with arbitrary coverage A.
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Then we decompose all functions on the right hand side of Equation (A.10) into spher-
ical harmonics,
G0(rs, r′) =
∞∑
l1=0
l1∑
m1=−l1
√
4pi
2l1 + 1
Gl1(rs,R)Ym1∗l1 (rˆs)Ym1l1 (rˆ′),
H0(r, r′) =
∞∑
l2=0
l2∑
m2=−l2
√
4pi
2l2 + 1
Hl2(r,R)Ym2∗l2 (rˆ)Ym2l2 (rˆ′),
wA(r′) =
∞∑
l3=0
l3∑
m3=−l3
Wm3l3 Y
m3
l3
(rˆ′). (A.11)
Using seismic reciprocity G0(r′, rs) = G0(rs, r′), and inserting Equation (A.11) into
Equation (A.10), one obtains
KPBA,0(r,rs) =
∞∑
l1=0
√
4pi
2l1 + 1
∞∑
l2=0
√
4pi
2l2 + 1
{
Gl1(rs,R)∂n′Hl2(r,R) −Hl2(r,R)∂n′Gl1(rs,R)
}
×
l1∑
m1=−l1
l2∑
m2=−l2
∞∑
l3=0
l3∑
m3=−l3
Wm3l3 Y
m1∗
l1
(rˆs)Ym2∗l2 (rˆ)
∮
∂
dr′Ym1l1 (rˆ
′)Ym2l2 (rˆ
′)Ym3l3 (rˆ
′). (A.12)
The surface integral
∮
∂ dr
′Ym1l1 (rˆ
′)Ym2l2 (rˆ
′)Ym3l3 (rˆ
′) on the right-hand side of the above equa-
tion is known as the Gaunt’s formula, which can be computed analytically (see, e.g., Ed-
monds 1960, Eq. (4.6.3)).
A.5 Noise in spherical harmonic space
The noise due to stochastic nature of background sources can be rewritten as (see, e.g.,
Eq. (3.33))
E[ΦPB∗α,0 (r)Φ
PB
β,0(r
′)] =
∮
∂
dr1wA,1(r1)
∮
∂
dr2wA,2(r2)
{
C0(r1, r2)∂n1 H
∗
α,0(r, r1)∂n2 Hβ,0(r
′, r2)
− [∂n2C0(r1, r2)]∂n1 H∗α,0(r, r1)Hβ,0(r′, r2) − [∂n1C0(r1, r2)]H∗α,0(r, r1)∂n2 Hβ,0(r′, r2)
+
[
∂n1∂n2C0(r1, r2)
]
H∗α,0(r, r1)Hβ,0(r
′, r2)
}
, (A.13)
where C denotes the cross-covariance function of the waves and r1 = R rˆ1 and r2 =
R rˆ2 are points located on the solar surface. Similar to the source-sensitivity kernel, all
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functions in Equation (A.13) can be decomposed into spherical harmonics,
C0(r1, r2) =
∞∑
l1=0
l1∑
m1=−l1
√
4pi
2l1 + 1
Cl1(R,R)Y
m1∗
l1
(rˆ1)Ym1l1 (rˆ2),
H∗α,0(r, r1) =
∞∑
l2=0
l2∑
m2=−l2
√
4pi
2l2 + 1
H∗α,l2(r,R)Ym2l2 (rˆ)Ym2∗l2 (rˆ1),
Hβ,0(r′, r2) =
∞∑
l3=0
l3∑
m3=−l3
√
4pi
2l3 + 1
Hβ,l3(r′,R)Ym3∗l3 (rˆ′)Ym3l3 (rˆ2),
wA,1(r1) =
∞∑
l4=0
l4∑
m4=−l4
Wm41,l4Y
m4
l4
(rˆ1),
wA,2(r2) =
∞∑
l5=0
l5∑
m5=−l5
Wm52,l5Y
m5
l5
(rˆ2). (A.14)
Inserting Equation (A.14) into Equation (A.13), one obtains
E[ΦPB∗α,0 (r)Φ
PB
β,0(r
′)] =
∞∑
l1=0
√
4pi
2l1 + 1
∞∑
l2=0
√
4pi
2l2 + 1
∞∑
l3=0
√
4pi
2l3 + 1
×
{
Cl1(R,R)∂n1H∗α,l2(r,R)∂n2Hβ,l3(r′,R) − ∂n2Cl1(R,R)∂n1H∗α,l2(r,R)Hβ,l3(r′,R)
− ∂n1Cl1(R,R)H∗α,l2(r,R)∂n2Hβ,l3(r′,R) + ∂n1∂n2Cl1(R,R)H∗α,l2(r,R)Hβ,l3(r′,R)
}
×
l1∑
m1=−l1
l2∑
m2=−l2
Ym2l2 (rˆ)
∞∑
l4=0
l4∑
m4=−l4
Wm41,l4
∮
∂
dr1Ym1∗l1 (rˆ1)Y
m2∗
l2
(rˆ1)Ym4l4 (rˆ1)
×
l3∑
m3=−l3
Ym3∗l3 (rˆ
′)
∞∑
l5=0
l5∑
m5=−l5
Wm52,l5
∮
∂
dr2Ym1l1 (rˆ2)Y
m3
l3
(rˆ2)Ym5l5 (rˆ2). (A.15)
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